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Anisotropic Elasticity for Soils: A Synthesis of Some Key Issues

Abstract: Traditionally, the elastic response of soils has been assumed to be isotropic. Natural
soils are, however, more likely to exhibit anisotropic response. For example, sedimentary soils, which
are typically deposited under gravity, possess different properties in the direction of deposition as
opposed to the planes normal to this direction. This paper synthesizes several key issues related
to anisotropic elastic material idealizations for soils. Emphasis is placed on transversely isotropic
(“cross-anisotropic”) elastic material idealizations.

Weywords: elasticity, isotropy, anisotropy, orthotropic, transversely isotropic.
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1. Introduction. Traditionally, the elastic response of soils has been assumed to be isotropic.
This was primarily done for two reasons. First, was a desire not to overly complicate analytical for-
mulations. Second, was the lack of suitable experimental apparatus to measure the elastic constants
necessary to characterize the anisotropic elastic response of soils. Over the last 35 or so years, the
latter constraint has been significantly lessened, as substantial progress has been made in the devel-
opment of experimental apparatus and techniques that facilitate measurement of the aforementioned
elastic constants. Such measurements confirm that soils indeed exhibit elastic response, albeit at
low strain levels, and that this response is typically anisotropic. Consequently, anisotropic elastic
material idealizations for soils have become significantly more tractable.

This paper reviews some key issues related to anisotropic elastic material idealizations for soils.
Although some of these issues have been discussed in previous papers, missing from the earlier
documents was any attempt to synthesize these issues. Such a synthesis is presented in this paper.

2. Elastic Deformations in Soils

In an elastic material, the state of stress is a function only of the current state of deformation;
it does not depend on the history of straining or loading. When loaded, an elastic material stores
100% of the energy due to deformation (i.e., strain energy). Upon removal of the applied loading, the
material releases 100% of the stored energy and returns to its initial state; no permanent deformation
is realized. Finally, the response is rate-independent; i.e., the rate at which the loading is applied
has no effect upon the material response.

Elastic response is seemingly ambiguous for highly nonlinear materials such as soils [10]. However,
under certain conditions, the behavior of soils is very nearly elastic. For example, Hardin and
Black [6] found that at very small axial strain levels (i.e., less than 0.01%), dynamic loading tests
on normally consolidated clays exhibited only very small hysteretic damping, thus indicating nearly
elastic response. Subsequent experimental studies, performed in the 1980’s and 90’s, showed that the
small-strain behavior of soils is generally linear elastic and time- and rate-independent |25, 11, 7, 26].
Based on the results of very careful experiments performed on a variety of geomaterials, Tatsuaoka
et al. [27] subsequently concluded that such materials exhibit “imperfect elasticity,” even at strains
less than 0.001%. Consequently geomaterials were considered to exhibit “quasi-elastic” response that
was essentially rate-independent and nearly linear. This was consistent with the earlier findings of
Hicher [7]. In summary, the exact “threshold” strain value, below which geomaterials behave truly
elastically, is still debatable. Nevertheless, elastic material characteristics for such materials are
commonly considered to be applicable for strains smaller than 0.001% for uncemented soils |25, 11, 7].

In granular soils elastic deformations are attributed primarily to the distortion of individual par-
ticles. This occurs at relatively low levels of loading. At higher load levels the particles will move
relative to one another, resulting in a permanent (inelastic) deformation. If the load level is partic-
ularly high, the particle may also begin to crush.
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In cohesive soils subjected to changes in effective stress conditions, both the shear and normal
forces at points of interparticle contact undergo changes in magnitude. These changes produce an
elastic bending of particles, as well as a relaxation of previously bent or distorted particles or particle
clusters. Both of these phenomena occur without slippage or breakage of interparticle bonds and
result in an instantaneous elastic deformation of the macroelement.

3. The Issue of Elastic Isotropy

Limited experimental results on several different sands indicate isotropic behavior upon unloading,
even when the strains during loading indicated anisotropic behavior [23]. A similar conclusion
was reached by Krizek [12], who presented results of unconfined compression tests on sedimented
specimens of kaolin clay with different degrees of inherent anisotropy. Results for sensitive clays
studied by Wong and Mitchell [28] also showed nearly isotropic elastic behavior. The associated
plastic stress-strain relations were, however, anisotropic. Citing the above results for sands and
clays, Lade and Nelson [14] concluded that although microscopic elastic behavior of geomaterials is
randomly anisotropic and non-homogeneous, such materials can be considered as macroscopically
homogeneous and isotropic. This is particularly true for remolded laboratory soil samples.

For their characterization, isotropic materials require the values of two material constants. Tradi-
tionally, the bulk modulus ( K ) and shear modulus ( G), or the elastic (Young’s) modulus ( F') and
Poisson’s ratio (v ) have been used to characterize isotropic elastic materials. Experimental results
for geomaterials indicate that they generally exhibit nonlinear elastic response, with K, G, and
E being primarily dependent on the 1) state of stress, 2) density (or void ratio), and 3) stress his-
tory [6]. The importance of this nonlinearity has been generally recognized and a variety of models,
possessing varying degrees of complexity, have been proposed [9, 10, 14, 7|.

4. Anisotropic Elastic Material Idealizations

Natural soils are more likely to exhibit anisotropic response. For example, sedimentary soils, which
are typically deposited under gravity, possess different properties in the direction of deposition as
opposed to the planes normal to this direction. For a general homogeneous, anisotropic linear elastic
(Hookian) material, in the absence of initial strains and stresses, the constitutive relations, in “direct”
vector-matrix form, are given by

de€ = Ado’ (1)
where A is a symmetric (Npowp * Npows) matrix of compliance coefficients characterizing the mate-
rial, e and do’ are (N,.oup*l) vectors of infinitesimal elastic strain and effective stress increments,
respectively, and N,y,p is the number of stress and strain components (for three-dimensional anal-
yses, Npowp = 6; for torsionless axisymmetry, N,o,p = 4; for plane strain analyses, Nyoup = 3).
For three-dimensional analyses,

T
556:{55% 05y 0el3 0Vfy O3 5753}

dc’ = {60}, doh, doky boly 60l 5053}T
where {5, V{3, and 753 are engineering shear strains, and the superscript 7' denotes the operation
of vector transposition.

Written in “inverse” “direct” vector-matrix form, the constitutive relations are are given by gen-
eralized Hooke’s law; viz.,

do’ =D de® (2)
where D, which is the inverse of A, represents the symmetric (Nyowp * Nypowp) matrix of elastic
moduli.

Due to symmetry, in their most general form, both A and D contain 21 independent coefficients
that characterize the elastic material. The prospect of determining values for 21 material coeffi-
cients from experimental results is a formidable task. Fortunately, however, most of the important
engineering materials possess some internal structure that exhibits certain symmetries that reduce
the number of independent elastic coefficients required to characterize the material. For the present
development, it is expedient to first consider an orthotropic material idealization.

4.1 Orthotropic Elastic Idealizations

Consider a material through each point of which pass three mutually perpendicular planes of elastic
symmetry. If similar planes are parallel at all points in the material, then taking the (z1,z2,x3) =
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(z,y,z) coordinate axes normal to these planes (i.e., along the principal directions) it follows that
there should be no interaction between the various shear components or between the shear and
normal components. Consequently, the compliance matrix has the following entries [15]:

[ 1/Ey  —vy /By —uv31/E3 0 0 0
—I/12/E1 1/E2 —V32/E3 0 0 0
A —vi3/Ey —wo3/Ey  1/E3 0 0 0 3)
0 0 0 1/Gi 0 0
0 0 0 0 1/Gis 0
0 0 0 0 0 1/Gas]

The material constants appearing in equation (3) are defined as follows: Ej, FE,, and Ej are
elastic moduli associated with tension or compression in the material coordinate direction x1, xo,
and x3, respectively. These moduli are obtained under drained conditions; they are thus defined
in terms of effective stress. The Gj; is the elastic shear modulus that relates the shear stress oy
to the shear strain ~;;, where no summation on repeated indices is implied. Finally, v;; is the
Poisson’s ratio that is equal to the ratio of the lateral contraction in the x; material coordinate
direction resulting from a uniaxial extension in the z; coordinate direction [15].

Symmetry of A implies that vo1/Es = v19/FE, vo1/Es = v12/F1 , and vse/Es = 13/ FEy . Thus,
only nine of the twelve elastic constants entering equation (3) are independent; viz,

’ En, By, E3, 12,113,123, G12, G13, G23 ‘

4.2 Transversely Isotropic Idealizations

Due to the manner in which natural soils are deposited, it is logical to expect them to exhibit
approximately transversely isotropic (or “cross-anisotropic”) response. While this realization is not
new [3, 22, 2, 5, 24|, the lack of suitable experimental apparatus to accurately measure the five
elastic constants associated with transverse isotropy has, in the past, precluded the use of such
idealizations. More recently [8, 17, 13, 1, 21|, substantial progress has been made in experimental
techniques that facilitate the measurement of the aforementioned elastic constants.

Through all points of a transversely isotropic material there pass parallel planes of elastic sym-
metry in which all directions are elastically equivalent (i.e., planes of isotropy). Thus at each point
there exists one principal direction and an infinite number of principal directions in a plane normal
to the first direction [15]. Assume that the local material axes (Z1,%2,%3) = (Z,9,2) coincide with
the global z, y and z coordinate axes (Figure 1). Furthermore, assume that the global z -axis is
taken normal to the planes of isotropy, with the global y and z axes directed arbitrarily in such
planes.

lef"

1l
e

L2

Y
F1cure 1 — Schematic illustration of an element of transversely isotropic material.
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In light of this definition of a transversely isotropic material, and in relation to the orthotropic
elastic constants given in equation (3), the following elastic constants are defined: E; = E,, , where
E,, is the elastic modulus for compression or tension in a direction normal to the plane of isotropy,
and Fy = F3 = F;, where E; is the elastic modulus for compression or tension in the plane of
isotropy (i.e., in a direction tangential to the x-axis). Since the y - z plane is a plane of isotropy,
Vo1 = V31 = U4y, Where 1y, is the Poisson’s ratio characterizing the lateral contraction normal to the
plane of isotropy when tension is applied in the plane. The modulus G132 = G135 = G,;; is associated
with shearing involving 6v{, and 07{;. Finally, G23 = Gy characterizes shearing in the plane of
isotropy. It is given by 1/Gy = 2(1 4 vy)/E;, from which it is evident that Gy is thus not an
independent material constant.

From equation (3), symmetry of A requires that Asz = Aso, giving vse/E3 = vo3/F5. Since
FEy = FEs, it follows that 139 = 193 = 144, where vy is the Poisson’s ratio characterizing transverse
contraction in the plane of isotropy when tension is applied in the same plane.

Symmetry considerations also require that Ajo = A9y and Ay3 = Asy, giving vo1/FEsy = v12/E)
and vs1/E3 = 113/E1. Since vz = w91, it follows that now wvi3/E; = 1v19/F1, thus giving
V19 = V13 = Uy . Here vy is the Poisson’s ratio characterizing the lateral contraction in the plane
of isotropy when tension is applied normal to the plane.

When the global z -axis is taken normal to the planes of isotropy, a transversely isotropic material
is thus characterized by the values of five material constants, namely:

’ Ei, By, Unt, Vit Gt

The compliance matrix given by equation (3) thus becomes

[ 1/E, —uvw/Ei —uvm/E; 0 0 0
—vw/En  1/E,  —wvy/E, 0 0 0
A —vnt/En  —vu/Ey 1/E; 0 0 0 )
0 0 0  1/Gwm 0 0
0 0 0 0 1/Gp 0
0 0 0 0 0 2(1+uwy)/E]

where vy, = v (Ey/Ey) .

5. Volumetric Strain

Assuming infinitesimal kinematics, the elastic volumetric strain increment for an anisotropic elas-
tic material described by equation (1) is

dey, = Oey + degg + de53

= (A11 + Ag1 + As31) 807 + (A12 + Ao + Asg) 00hy + (A13 + Agz + Ass) dobs (5)

Substituting the requisite compliance entries from equation (3) into equation (5), the elastic
volumetric strain increment for an orthotropic elastic material idealization is

1 1 1
555 = — (1 — V12 — 1/13) 50"11 + — (1 — V91 — 1/23) 50’;2 + = (1 — V31 — 1/32) 50‘53 (6)
E1 E2 E3
For the transversely isotropic elastic material idealization defined by equation (4), equation (6)
reduces to

1 1 1
65 = — (1 — 2upt) 6071 + —= (1 — vy, — vat) 60hy + — (1 — v, — i) 0h (7)
Ey Ey Ey
For the special case of isotropic compression, do}; = dohy = do4, . The elastic volumetric strain
increment for an orthotropic elastic material idealization is thus

1 1 1
(562 = E (1 — V19 — V13) + E (1 — V91 — 1/23) + ES (1 — V31 — 1/32) (50”11 (8)
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For a transversely isotropic elastic material subjected to a state of isotropic compression, equa-
tion (6) reduces to

1 1 1 1
0es = R (1 —2vp) + E, (1 —=2uv,) + 5 (1 —2uy)| do}; = Eéail (9)
n
where K is a generalized bulk modulus.
For completeness, note that for an isotropic elastic material, Fh1 = Fy = E3 = E, 119 = 113 =
V91 = 93 = 131 = V33 = . Equation (8) thus reduces to
1 1
where K is now equal to the “drained” elastic bulk modulus K’ = E/3(1 — 2v) .
6. Undrained Conditions
For a saturated anisotropic elastic soil with incompressible fluid and solid phase, under undrained
conditions, equation (5) becomes

de, = 0e]; + desy + €55 =0 (10)
For an orthotropic elastic material idealization, equation (6) gives
1 1 1
E (1 — V12 — V13) (50’11 + FQ (1 — V21 — V23) (50’52 + Fg (1 — V31 — V32) (50{9,3 =0 (11)

Since the normal effective stress increments do},, dob, and dojs are, in general, non-zero, and
since 1 >0, Es >0 and FE3 > 0, the kinematic constraint of zero volume imposes the following
constraints on the Poisson’s ratios associated with an orthotropic material idealization:

(1-vip2—113) =0 3 (I—wo1—123)=0 ; (1—-1v31—1v3)=0 (12)
For a transversely isotropic elastic material idealization, equation (7) gives

1 1 1
— (1 = 2up) 00y + — (1 — vy — v3y) 60y + — (1
B ( nt) 607 E, (1 — vin — vut) dogy E, (

Since the normal effective stress increments doj, , doh, and do4g are, in general, non-zero, and
since F, >0 and E; > 0, the kinematic constraint of zero volume imposes the following constraints
on the Poisson’s ratios associated with a transversely isotropic material idealization:

1 1
Fn (1 - 2Vmg) =0 5 E (1 — Vtn — Vtt) =0 (14)
Since E, > 0, the first of the constraint equations (14) gives v, = 1/2. Using this value, along
with the relation vy, = FEyvy/E, , which is due to the symmetry of A (recall equation 4), gives

Vi = % @2) (15)

Substituting equation (15) into the second constraint equation (14), and recalling that F; > 0,

gives
1/ E;
=1--(= 16
Vit 5 (En> (16)

Lempriere [?] showed that 1y must be in the range —1 < vy < 1. Combining this fact with
equation (16), the admissible range for the ratio of these elastic moduli is thus 0 < (E;/E,) < 4.

In summary, since v,y = 1/2 and vy is computed using equation (16), the number of indepen-
dent material constants associated with a transversely isotropic elastic idealization under undrained
conditions thus reduces from five to three; i.e., E,, E; and Gy .

7. Plane Strain Conditions

Consider a transverse isotropic material idealization with the global x-axis again taken normal
to the planes of isotropy. The z-axis is chosen to coincide with the “long” direction of the material.
As such, 713 = y23 = €33 = 0. From the third of equations (4),

— Vtn — Vtt) 50’%3 =0 (13)

Unt Vit 1 Unt Vit
€33 = _EL;U,“ - Eaéz + E"ég =0 = oyp==FE <E7;<7111 + Et(752> (17)
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53'15517}

z
N ~ =z
ro =
Ficure 2 — Element of transversely isotropic material under plane strain conditions.
Substituting equation (17) into the first two of equations (4) gives the following constitutive
relations:
ety n(1 = vnevin) —Ven(1 4 vi) 0 6oy
059 ¢ = I —tn (1 + vgt) 1— (v)? 0 0099 (18)
575y 0 0 1/Guel | 001,
8. Axisymmetric Triaxial Conditions

Under axisymmetric triaxial conditions, only principal stresses are applied to a sample; all shear

stresses and shear strains are thus zero. As such, in writing the constitutive relations, only the
leading principal 3 by 3 sub-matrix of A in equation (4) need be considered; viz.,

58‘131 1/En _th/Et _th/Et 50./11

(5852 = —I/mg/En 1/Et _Vtt/Et (50’52 (19)
/

0¢53 —vnt/En  —vn/Ey 1/E; 0033

Letting n = FEy/E, , and recalling that due to the symmetry of A, v,/E, = v,/E;, equa-
tion (19) is commonly re-written as

5e€ n —Vin —Uin

. do'y
oes = —UVtn 1 — UVt 50‘52
Ey

0e$

(20)
/
—Vtn  —Vu 1 0033
Constitutive relations for specific axisymmetric triaxial stress states are next derived. Recalling
the definition of the mean normal effective stress p’ and the deviator stress q: viz.,

5 = dol + 2004

3 )

Sop — dok
Solving these two equations for dof and dof gives

2 1
do = op' + géq , doh=06p — §5q
8.1 “Vertical” Specimens with o}, > doh, = dohs

(21)

This case is shown in Figure 3. The elastic strain increments are de§ = def;, 0e§ = de5y,

de§ = 0e§5, with de§ = de§ . The associated effective stress increments are dof = dol,, doh = d0h,,
and dof = dohs, with dofy = dof .
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50’11 = 50‘1

50’33 = 50’3

5022 = (50‘2

F1cure 3 — Transversely isotropic material under axisymmetric triaxial conditions: ¢

‘vertical” specimen with 6o}, > dob, =
§oha .
33

Substituting equations (21) for dof and dof into equations (20) gives, after some manipulation,
the elastic strain increments in terms of dp’ and dq; viz.,

5§, = 0e§ = S (ndéo] — 2vpdoy) = L (n — 2u,) 6p' + 2 (nuvgy) 0q (22)
E, by 3
. . 1 , , 1 , 1
de59 = 05 = — (—vp 007 + (1 — vy) 50’3) = (1 = vin —vae) Op' + o (Ve — 2v4n — 1) 6q| (23)
E; E, 3
. . 1 , , 1 ;1
Jefq =05 = — | — v 0o] + (1 —vy) doy| = (1 — v — ) 0D + = (vt — 2, — 1) Oq| (24)
E; E, 3

where, as expected, de§ = def .
Recalling equation (5), and using equations (22) to (24), the elastic volumetric strain increment
is

1
des, = 0§y + de5y + 0e85 = 0eT + 20§ = o {(n — 2u)000 4+ 2(1 — vy — l/m)éaé]
t

1 2
=z { {n +2(1 - 20, — Vtt):| op' + 5(” — Utn + Vit — 1)5(1} (25)
t

For the special case of isotropic compression, do} = dofy = doh . equation (25) then becomes

1
5l = = [n +2(1 = 2y, — V“)] op'
t

The axial distorsional strain increment is given by

2

2
des = 3 (0] — de§) = 3 (0efy — de53)

2
- S5 [(n + vin )00t + (v — 2v4, — 1)60&]
2 1
= — (n — Vtn + Vg — 1)(5]?/ + = 2 (n + 2th) — Vgt + 1 (5(] (26)
3E; 3

For the special case of isotropic compression, d¢ = 0. Equation (26) thus becomes
5c¢ = i (n — Uy — Vtt) 5]7/
° 3B "

indicating that, because of anisotropy, dc§ # 0 even though the effective stress state is isotropic.
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Following the example of Graham and Houlsby [5], the elastic stress-strain are written in vector-
matrix form, giving
be¢ 1/K* 1/J%7 (&p'
= (27)
5e¢ 1/J* 1/3G*] (9q

where, in light of equations (25) and (26),

! L +2(1-2 ) (28)
K Et n Vin — Vit

o2 [ + 1] (29)
T 3, N —Vin T Vit

! 2 (n + 20i) — it + 1 (30)
3G 9Et n Vin Vit

As a check, consider an isotropic material idealization. Now vy, = vy =v, By =FE and n=1.
Equations (28) to (30) reduce to

11 3 E
142 dv—20| =2 (12 K=" =K
K E[ e ”] -2 = 3(1—20)
2 tv—1]=0
E 1% 1% =
1 2 1+1/ FE
— 2v) — = G@F=—"=G
3G~ QE[ (1+2v)—v+ ] 2(1 +v)

where K’ is the “drained” elastic bulk modulus, and G is the elastic shear modulus. The “usual”
results for isotropic elasticity are thus obtained; viz., 65 = 0p’ /K’ and e = dq/(3G) .

Recalling the definition of the increment in octahedral shear strain, written in terms of principal
strains [4]; viz.,

1
Vet = 5 [(551 — 6e9) + (8ea — 825)% + (823 — 0e1)> (31)

using equations (22) to (24), it is instructive to compute the following three elastic incremental
principal strain differences:

1 1
de§ — de5 = 0§y — 0ely = o [(n — Vg + v — 1)0p" + §(2n + 4y, — vy + 1)&_]]
t

(55; — 55§ = 5552 — 5553 =0
de§ — 0e] = de53 — defy = — (9§ — 0¢9)

For the special case of isotropic compression, dqg = 0. Thus,
1
de§ — de§ = — (de§ — def) = i [(n — Upn + vy — 1)5p']

indicating that, because of anisotropy, d75,; # 0 even though the effective stress state is isotropic.
Only for the case of material isotropy (v, =vy=v, E;=FE, n=1) will 75, =0.

8.2 “Horizontal” Specimens with o5, > 007, = doh,

This case is shown in Figure 4. The elastic strain increments are de{ = de53, de§ = defy ,
de§ = 0e5, . The associated effective stress increments are dof = dohg, doy = doi; , and dof = 00, ,
with dof = dof .

Substituting equations (21) for do} and do% into equations (20) gives, after some manipulation,
the elastic strain increments in terms of p’ and dq; viz.,

1 1 1
def, = de§ = A Vin 601 + (n — vgn) 60:’3} =5 [(n — 2u4,)0p — g(n + vin) 0q (32)
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50’33 - (50‘1

50’11 = 50’2

(5022 — 50’3

Ficure 4 — Transversely isotropic material under axisymmetric triaxial conditions: “horizontal” specimen with do%s >
dol, = ok, .

1
desy = de5 = B (—vu o) + (1 — vy,) b0%) =

1

1
E |:(1 — Vin — Vtt) 5]?/ + § (th - 2Vtt - 1) 5Q:| (33)
t

1 1 1
de5q = 0ef = & 50 — (Ve +vit) 503] -5 {(1 — Vi — Vi) 0P’ + 3 (Vtn + v +2) 5@] (34)

From equations (32) and (33) it is evident that although dof; = dob,, de§; # g5, due to
anisotropy. The condition 0e§; = de5, will, however, be realized if the material is isotropic (i.e., for
n=1, E,=F,and vy, =vy =v).

Recalling equation (5), and using equations (32) to (34), the elastic volumetric strain increment
is

1
dey = 05y + 059 + 0e55 = 0§ + de5 + de = A [(1 — Vtn, — Vit)00 + (n — 3 — v + 1)50&]
t

1 1
= E { [n + 2 (1 — 2th — Vtt):| (5p’ + g(l + Vg — Vgt — n)éq} (35)
t

For the special case of isotropic compression, d¢ = 0. Equation (35) then becomes

555 = — |:7’L + 2(1 — 2th — Vtt):| (Sp/
Ey
The axial distorsional strain increment is given by
2(1 + Vtt) 2(1 + Vtt)

For the special case of isotropic compression, ¢ =0 = 0§ =0.
The elastic stress-strain are next written in vector-matrix form, giving

et~ L e Ui
= (37)
see 1703 1/3G*| | dq

where, in light of equations (35) and (36),

1 1
K = E [n +2 (1 — 2th — Vtt):| (38)
1 1 1
— = (1 + vy — vy — . — =0 39
- [( v — i nﬂ . (39)
1 2(1 + l/tt)
= 4
3G* 3L (40)
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For an isotropic material idealization, equations (38) to (40) reduce to

11 3 . B
Lo Llay | =0
— = vV—v— =
Jr T 3E
1 2(1+v) . 3B
sor = ap . 39 T g, =3¢

where K’ and G are again the “drained” elastic bulk and shear modulus, respectively.
Using equations (32) to (34), it is instructive to compute the three elastic incremental principal
strain differences entering equation (31) for the increment in octahedral shear strain; viz.,

10 1
de — de§ = desq — defy = o (1+ v — vy —n)op' + 5(2 + 2vgy, + vy + n)éq]
tL
[ 1
de§ — 0e§ = defy — g5y = o (vt — vin +n — 1)0p + §(1 — 22Uy, + 20y — n)éq]
tL
0§ — 02§ = Oy — 0y = | — (1 )iy
tL

For the special case of isotropic compression, dqg = 0. Thus,
1
de§ — 0e5 = — (0e§ — de5) = 5 [(1 + U — Vit — n)ép’]

indicating that, because of anisotropy, 075, # 0 even though the effective stress state is isotropic.
Only for the case of material isotropy (v, =vyu =v, By =F, n=1) will 75, =0.

8.3 “Horizontal” Specimens with o), > dobs = dof;

This case is shown in Figure 5. The elastic strain increments are 0c{ = de§3, de§ = 0efy,
de§ = 0e5, . The associated effective stress increments are dof = dohg, doh = doi; , and dof = 00, ,
with dofy = dof .

50’22 — 50‘1

50’11 = 503

50’33 = 50’2

FIGURE 5 — Transversely isotropic material under axisymmetric triaxial conditions: “horizontal” specimen with dob, >

! — /
d054 =607 -

Substituting equations (21) for do} and do% into equations (20) gives, after some manipulation,
the elastic strain increments in terms of dp’ and dq; viz.,

de§, = 0ef = S — U 00 + (n — v4p) 504 = € [(n — 204,)0p — 1(n + Vtn,) 6q] (41)
E; E; 3
e e 1 / / 1 / 1
de5y = def = o (501 — (Vtn + v1t) 503) = o (1 — v —vy) Op' + 3 (Vin — 2 + 2) Oq (42)
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1 1
(5553 = (SES = E — l/tt(so'i + (1 — th) (50'gj| = E |: (1 — Vtn — Vtt) (5p/ — g (1 — Vn + 2Vtt) (5q:| (43)

From equations (41) and (43) it is evident that although dof; = dofy, de§; # de§y due to
anisotropy. The condition de§; = de§; will, however, be realized if the material is isotropic (i.e., for
n=1, BE,=F,and vy, =vyu =v).

The elastic volumetric strain increment is

1
dey = 0e§y + 059 + 0e55 = 0§ + de5 + de = A [(1 — Vtn, — V)00 4+ (n — 3vgn — v + 1)50;’;]
t

1 1
== { [n +2(1 — 2vy, — l/tt):| op' + §(1 + U, — Vg — 1) (5q} (44)
t

For the special case of isotropic compression, d¢ = 0. Equation (44) then becomes

1
del = oA [n +2(1 — 24, — Vtt)] op’
t

The axial distorsional strain increment is given by

2
§eb = — [(1 +vn)d0] — (n+ Vtt)éag} =

1
= (14 vn — v —n)0p' + = (2+ 2vp, + 14 +1)dq | (45)
3E; 3

3E,

For the special case of isotropic compression, equation (45) becomes

o T
del = EvoN (I + v — vy — n)&p’]
tL

The elastic stress-strain are next written in vector-matrix form, giving

{555} [1/K* 1)Jf {5p’}
= (46)
dq

s 1g 173G

where, in light of equations (44) and (45),

1 1
K+ = Et |:7’L + 2(1 - 2th - Vtt):| (47)
1 1
S 1 — Uy — 48
T 37, (1+ v — vy —n) (48)
1 2 2
S 1 —vy—n)= — 49
7 3E (1 +vn — vt — ) Jr (49)
1 2 (24204 + vy + 1) (50)
= — v v n
30+ 9F, tn tt

The expression for 1/K* given by equation (47) is identical to that for the other two configurations
considered in Sections 8.1 and 8.2 (recall equations (28) and (38)).
For an isotropic material idealization, equations (47) to (50) reduce to
11 3 E ,

=—[1+2(1—-2v— =—(1-2 K'=——7<-=K
] R Sl Bl ok S M 3(1—20)

1 2 21 +v) 1
sG- —ppltvtvtl)

3E 3G

where K’ and G are again the “drained” elastic bulk and shear modulus, respectively.
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Using equations (41) to (43), it is instructive to compute the three elastic incremental principal
strain differences entering equation (31) for the increment in octahedral shear strain; viz.,

1

Je] — 0e§ = de5y — 53 = E(l + vi)dq

1

58; — (55% = 56%3 — (56?1 = —
Ey

1
[(th —vy —n+1)0p + §(2th —2u +mn — 1)5(4

1 1
de§ — 0e] = defy — desy = oA [(—Vm +uvy+n—1)0p — 5(21/15“ + v +n+ 2)(5q]
t
For the special case of isotropic compression, dqg = 0. Thus,

1
de§ — 0e§ = — (de§ — de5) = o [(Vm —vy—n+ 1)(5p']
t

indicating that, because of anisotropy, d75.,; # 0 even though the effective stress state is isotropic.
Only for the case of material isotropy (v, =vy =v, By =F, n=1) will 675, =0.
9. Conclusions

Some key issues associated with anisotropic elastic material idealizations of soils have been pre-
sented in this paper. Although the discussion began with the orthotropic elastic idealizations,
emphasis was placed on transversely isotropic (or “cross-anisotropic”) idealizations. The issues dis-
cussed for such idealizations facilitate the use of available closed-form solutions for homogeneous,
transversely isotropic elastic geotechnical engineering problems |3, 18, 19, 20].

The inclusion of such idealizations into existing and new elastoplastic and/or elastoviscoplastic
constitutive models for soils requires a specific analytical form for the anisotropic idealization, as
well as suitable empirical expressions for the associated elastic material constants. These two topics
are, however, beyond the scope of this paper, as they depend on the specific constitutive model being
used.
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AHU30TPONTHIH, TONBIPAKTBIH, TYPAKTBUIBIFbI: KeMGip MaHbI3ABI MaceJiesepAiH, KbICKallla Ma3MyHbI

Angarna: lpcTypJii KaJablnTa xKep KabaThIHBIH PeaKIusIChl H30TPOIITHI O0JIyBI KepeK ei. Asaiina,
TaOUF¥ TOIBIPAK, AHU30TPOIITHI PEAKITUSIHBI KopceTei. MbIcasibl: 91eTTe rPaBUTAIIUATA, YIITBIPANTHIH
MIOTIHII TONBIPAKTHIH, OChI OAFBITTA MEPIEHIUKYJIAPIbI YANAKTAPIAH afbIPMAIIbIIBIFL, TYHIBIPY
OGarbITBIHIA OPTYPJI KacuerTepre ue OOJIybIHAH OOJIBIIT TaOBLIAILI. DyJl Makajajga TOIBIPAKKA
apHaJFaH aHH30TPOIITHI CEPIIIMII MaTepuaJsIapabl niean3alusiiayFa OailaHbICThI OipHele Herisri

Moceslelep JKUHAKTAJbIN, aldTblaaraH.  EH Kell KOJJAHBLIATHLIH MaTepHaJIapblH  KOJIeHEH
uzorponTsl ("KeJieHeH aHu30TPONTh") HJlean3aIUsIChIHA ePEeKIIle HAa3ap ay/IapbLIa/Ibl.

Tyitin  ces3nep: CEepUIMIIIIK, HM30TPOIMs, AaHU30TPOIMUs, OPTOTPOIUs,  KOJIIEeHEH-
M30TPONUATHLIBIK.

B.H. Kansakuu
VYrusepcumem wmama [eaasap, Hvroapk, eaasap, CIIIA

AHu30TpOmNHAasi yIpyrocTb 'PYHTOB 0600III€eHIE HEKOTOPHIX KJIIOYEBbIX BOIIPOCOB

Awnvoranus: TpagumuonHo ssacThYHasl peakiiusl IPYHTOB IIpeZAIoJarajach ObITh m3orpomHoil. Ilpuponnbie rpyHTHL,
OJIHaKO, C OOJIbIIIEll BEPOSITHOCTBIO IMPOSIBJISIOT aHU30TPOIHYIO peakiuio. Hamnpumep ocajodHble I'DYHTBI, KOTOPbIE OOBIYHO
OCaXKIaI0OTCs IO, AefCTBAEM CHJIBI TSIPKECTH, O0JIaJaloT Pa3IMYHBIME CBOWCTBAME B HAIIPABJIEHHN OCAXKIECHHS B OTJIMYHAE OT
IJIOCKOCTEMN, IIEPIIEHUKYIJISPHBIX 9TOMY HallpaBJIEHUIO. B 3To0il crarbe 0600IIaeTCs HECKOIBKO KJIIOYEBBIX BOIIPOCOB, CBA3aHHbBIX
¢ BheanM3anyell aHU30TPONHBIX yIIPYTHX MATEPUAJIOB [l TPYHTOB. AKIIEHT AesIaeTcsl Ha NONEePeTHO-U30TPOnHbIX (" momepedHo-
AHU30TPONHBIX") MeaIU3aHUAX YIPYTOro MaTepuaJla.

KiroueBbie ciioBa: JIACTUYIHOCTDb, U30TPOIINA, aHU30TPOIINA, OPTOTPOITHOCTD, IMOIIEPEIYHO-U3OTPOITHOCTD.
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ITosoxkeHne 0 PyKONUCSX, IPECTABIsIeMbIX B >KypHaJ «BectHuk EBpasmuiickoro HaigmoHaJIbHOIO YHUBEPCUTETA
umenu JI.LH.I'ymuaeBa. Cepusi Texnndeckue HaAyKu UM TE€XHOJIOTHH»

1. IMenp >xypuagsa. Ilybaukanus TiiaTesbHO OTOOPAHHBIX OPUIMHAJIBHBIX HAy4YHBIX pPaboT B 0OJIACTH TEXHUKHU
U TEXHOJIOPUU: CTPOUTEJBCTBO, AapPXUTEKTypa, TIEOTEeXHUKA, DEOCHHTETHUKA, TPAHCIOPT, MAIINHOCTPOEHUE, SHEPreTUKa,
cepruduKaus ¥ CTAHAAPTH3AIMs, BEIYUCIUTEIbHAs TEXHUKA.

2. ABTOpy, KeJAIEMy OIlyOJIMKOBATH CTATHIO B KypHajie HEOOXOAUMO TPEJCTABATL PYKOIUCHh B TBEPAOH KOMAU
(pacneuaraHHOM BapuaHTE) B OJHOM 9K3eMIUIApE, IOAIMCAHHOM aBropoM B Otiesn HaydHbix u3fganuii (mo agpecy: 010008,
Kazaxcran, r.Acrana, yi. Carmaesa, 2, EBpaswuiickuii HAIMOHAJILHBIA YHUBEPCUTET WM. JI.H.I'ymunesa, YuebHO-
aIMUHICTPATUBHBIA Kopiyc, kab. 408) u no e-mail vest techsci@enu.kz B popmare Tex, PDF u Word. ITpu sToM m10/12KHO GBITH
CTPOrO BBIIEP?KAHO COOTBETCTBHE MexkIy Tex-daittom, Word-daittom, PDF-daiiiom n TBepmoit konwmeit. Takxke aBropy(am)
HEOOXOIMMO MPEIOCTABUTL COIPOBOAUTENBLHOE MUCHMO B PEIAKIIMIO YKyPHAJIA.

sk myOGauKamuii: Ka3axCKuil, pyCCKuil, aHIVIMACKAN.

3. OrnopasjsieHme crareil B peJaKIUi0 O3HA4YaeT coIjlacue aBTOpoB Ha mnpaso Msnaresnsi, EBpasmuiickoro
HaluoHaJIbHOro yHuBepcurera umenu JI.H. I'ymuneBa, m3maHusi crareili B >KypHajle U Nepeu3JaHUs] UX Ha
Jgr06oM mHOCTpaHHOM #s3bike. IIpencraBisisi TeKcT paborsl ajs myGauKanuyu B >KypHaJie, aBTOpP rapaHTUpPyeT
IpaBUJIBLHOCTH BCEX CBeAEHUi 0 cebe, OTCyTCTBHE ILJIArUaTa U APYrux (popM HENPaBOMEPHOI'O 3alIMCTBOBAHUS B
pyKoImucu, HajJiexkarnee opopMJIeHE BCEX 3aMMCTBOBAaHUM TEKCTa, TaGJINI], CXeM, UJLJIIOCTPALUNA.

4. O6beM craTbu He JOJZKEH NpeBmarh 18 crpanun (ot 6 crpaHum).

5. CxeMa mOCTpPOEHUsI CTATbU

I'PHTMH http://grnti.ru/

Hnuyuans, v Pamuauto aemopa(os)

IToanoe naumenosarue opzarudayuy, 20pod, cmpara (ecau aBTOPbl paGoTAIOT B PA3HBIX OPTAHU3AIUAX, HEOOXOIUMO
[IOCTABUTH OJIMHAKOBBII 3HAYOK OKOJIO (haMHUJIMKM aBTOPA M COOTBETCTBYIONIEH OpraHn3alyn)

E-mail aBropa(os)

Hassanue cmamovbu

Annomayus (100-200 cios; He OJKHA COAEpKaTh (DOPMYJIbI, He OJIZKHA ITOBTOPSITH 110 COIEPXKAHUIO HA3BAHWUE CTATHU; He
JOJIZKHA COZIEPKATH 6UbIMorpaduyuecKue CChUIKY; TO/PKHA OTPAXKaTh KPATKOE COJIEPXKAHUE CTATbHU, COXPaHss CTPYKTYPY CTATbU
—BBeJleHHe,/ IOCTAHOBKA 3aJa4dn,/ 11ejIi,/ UCTOPHsl, METOABI UCCJIEIOBAHUS, PE3yJIbTaThl/00Cy K ICHNAE, 3aKIIOUCHUE /BBIBOJBI).

Karouesvie caosa (6-8 cios/cioBocoderanuii. Kiodyesble €10Ba JOJDKHBI OTParkaThb OCHOBHOE COJEPKAHUE CTATbH,
HCIIOJIb30BATh TEPMUHBI M3 TEKCTA CTATBHH, & TaKyK€ TEPMUHBI, OIPEIEJISIONNe IPEIMETHYIO O00IacTh U BKJIIOYAIOIINE IPyTHe
BasKHDBIE TIOHATHS, IO3BOJIAIONIME OOJErYUTh U PACIIUPUTH BO3MOXKHOCTH HAXOXKIEHWUS CTATbU CPEJICTBAMHM MHMOPMAIUOHHO-
[IOUCKOBOW CHUCTEMBI).

OcHoeHOT MeKem cmambu JT0JIZKEH COJlePKaTh BBeZieHne,/ MOCTAHOBKY 3aJiadu,/ 11eJii/ HCTOPHIO, METO/bI UCCIIE[OBAHUS,
pe3ysbTaThl/00Cy XK IeHNE, 3aKJIIOYEHUE / BBIBOJIBL.

Tabauudbt, pucyHKy HEOOXOAMMO PACIOJIAraTh IOCJIe yIOMHUHAHUS. KarkI0f W/IIOCTPAIUU JOJRKHA CJIeJ0BATh HAIINCH.
PucyHnkn nosKHBI 6BITH Y€TKUMU, YUCTHIMU, HECKAHHPOBAHHBIMU.

B crarbe mymepyiorcs b e POPMYADBL, HA KOTOPBIE 110 TEKCTY €CTh CCHLIKH.

Bce abbpesuamypvt u COKpallieHUsI, 3a HCK/IIOYEHHEM 3aBEJOMO ODOIIEM3BECTHBIX, JOJIXKHBI OBITH pacIIudpOBaHbl IIpU
[IEPBOM YIOTPEOICHUN B TEKCTE.

Ceenenust o purarcosot noddepacre paboThl yKA3bIBAIOTCS Ha MEPBOM CTPAHUIIE B BUJE CHOCKH.

Cnucox aumepamypo.

B Tekcre ccpuikm 0603HAYAIOTCS B KBaJAPATHBIX CKOOKax. CCBUIKHM JOJIXKHBI ObITH IIPOHYMEPOBAaHBI CTPOrO IO IMOPSAKY
YIOMHMHAHUS B TEKCTe. llepBasi CChUIKA B TEKCTE HA JIMTEPATYPY JO/KHA uMeTh Homep [1], Bropas - [2] u T.1. Ccbuika Ha KHHTY
B OCHOBHOM TEKCT€ CTATbH JIOJIPKHA COIPOBOXKJATHCS yKa3aHHEM HCIOJIb30BaHHbIX cTpaHul] (Hampumep, [1, 45 crp.]). Cebuikn
Ha HeONyOIMKOBaHHBIE PA0OTHI HE JOIyCKAIOTCA. HerKeslaTeabHbl CCUIKU Ha HEPEHEH3UPYyeMble U3JaHus (IPUMEpPbI OIUCAHUS
CIIMCKA JIATEPATYPbI, OIUCAHUSI CINUCKA JIATEPATYPbl Ha aHIVIMACKOM sI3bIKE CM. HUXKe B 06pasie odOpMIIEHUsI CTaThH ).

B komme craTbu, mocie cnucka JuTepaTypbl, HEOOXOOUMO yKa3aTh bubauozpapureckue daHHble Ha PYCCKOM U AHTTIHHACKOM
sa3blKaxX (ecau craTbs 0dOPMIICHA Ha KA3aXCKOM fA3bIKe), Ha KAa3aXCKOM M AHIVIMACKOM sI3bIKax (ecsiu crarbs odopMiieHa Ha
PYCCKOM sI3BIKE) W Ha PYCCKOM M Ka3aXCKOM s3bIKax (ecyu craTbs odOpMIICHa Ha AHIVIMHACKOM SI3BIKE).

Ceederuss 06 aemopax: damunus, UMs, OTYECTBO, HAyIHAs CTENEH, JOJPKHOCTb, MECTO PabOTHI, ITOJHBIA CJIyKeOHBII
azpec, TesedoH, e-mail — Ha Ka3aXCKOM, PYCCKOM M aHIJIMHACKOM SI3bIKAX.

6. Pykonuch moszkHa ObITH TIATEJILHO BbIBEpeHa. Pykomucy, He COOTBETCTBYIOIIME TEXHUYECKUM TPeOOBaHUAM, OyIIyT
BO3BpallleHbl Ha JopaboTky. BosBpamenne Ha nopaboTKy He O3HAYAET, YTO PYKOIUCH IPUHATA K OIIyOJIMKOBAHUIO.

7. Pabora ¢ 251eKTpOHHOM KoppeKTypoii. Crarbu, nocrynusiue B OTies HaydHBIX n3aHui (pelakiys), OTIPABIISIOTCS
Ha aHOHMMHOE DeleH3MpOBaHHe. DBce pelneH3uHu [0 CTaThbsM OTIPABJISIOTCS aBTOPy. ABTOpaM B TedeHHe Tpex JHei
HEOOXO/IMMO OTIPABUTH KOPPEKTYpy craTbu. CTaThby, MOJIyYUBIINE OTPULIATEIBHYIO PEIEH3UIO, K MOBTOPHOMY DaCCMOTPEHUIO
He IPUHUMAIOTCs. VcmpaBiieHHbIEe BAPUAHTHL CTaTell U OTBET aBTOPA PELEH3EHTY MIPUCHIIAIOTCA B pegaknuio. CTaTbu, MMEIOe
[IOJIOYKUTEJILHBIE PEIEH3UHY, [IPEICTABIISIOTCS PEIKOJUIETUN YKYPHAJIA JIJIsl OOCYKI€HUsI U YTBEPXKICHUS JJIsl IIyOJIMKAIIH.

ITepuomuyHOCTh >KypHaJia: 4 pa3a B TOI.

8. Omuiara. ABropaM, IOJYYHBIIUM TOJIOXKUTEIBHOE 3aKJIIOUEHUE K OIyOIMKOBAHUIO, HEOOXOAMMO MIPOM3BECTH OILIATY IO
caemyomuM pexpusuTaM (s corpyaaukos EHY — 4500 Tenre, misa cropoHHnx opranusanuii — 5500 Tenre).

PexBusutsr:

1)PT'II IIXB "Espasuiickuii Hanuonaubublii yausepcurer umenn JI.H. D'ymunesa MOH PK

AO "Bank LenrpKpemur"

BUK 6anka: KCJIBKZKX

NHNK: KZ978562203105747338

Koe 16

Kmn 859- 3a crarsio

2)PT'II 1IXB "Espaswuiickuit nHarmonanbueiii yausepcurer umenu JI.H. I'ymunesa MOH PK AO "Bank RBK"

121



JI.H. I'ymunaes areiagarel EYY Xa6apuibicel - Bectuuk EHY um. JI.H. I'ymuiesa, 2019, 2(127)

Buk 6anka: KINCKZKA

NNK: KZ498210439858161073

K6e 16

Knn 859 - 3a crareio

3)PI'II [IXB "Espasuiickuii nanmonanbubiii yausepcurer umenu JI.H. I'ymunesa MOH PK AO "ForteBank"
BUK Banka: IRTYKZKA

NNK: KZ599650000040502847

Ko6e 16

Kuu 859 - 3a crarbio

4)PT'II IIXB "EBpaswuiickuii HannoHanbublil yausepcurer umenn JI.H. Tymunesa MOH PK AO "Hapoansiii Bank Kaszaxcran"
BUK Banka: HSBKKZKX

NUK: KZ946010111000382181

Ké6e 16

Kun 859.

"3a my6aukanuio B Becrauke EHY ®UNO asropa"

122



J.Carsky, Zh. M. Kuanyshbayev, M. I. Arpabekov, T. B. Suleimenov

MakaJjiaHbI paciMaey YJIrici
MPHTMU 27.25.19
A K. XKy6ansmmesa ', H. Temupranues?, A.B. Yrecos 3

L Hnemumym meopemuneckoti mamemamury u nayunuix evucienuti Eepasutickozo
HAYUOHAALHO20 YHhusepcumema umenu JI. H. lymunesa, Acmana, Kazaxcman
2 Axmiobuncruti pezuonasvnwid 2ocydapemeennoiti ynusepcumem umenu K. XKybanosa,
Axmobe, Kazaxcman
(Email:azaulezh@mail.ru, ntmathl0@mail.ru,adilzhan_ 71 @mail.ru)

Yucnennoe nuddepenimpoBanne pyHKINiT B KOHTeKcTe KoMnbioTepHOTO
(BBIYMCIINTENHBHOIO) IIOMEPEYHNKA

AnHHOTaIINSA: B pamMKax KOMIBIOTEDHOIO (BBIYMCJIUTENHHOIO) IOHEPEYHUKA  IIOJHOCTHIO
pertena  3azada npubmkenHoro guddepeHnupoBanud QYHKINWN, TPUHAIIEKAITX KJIACCaM
CoboJsieBa 110 HETOYHOH WHQOPMAIIUM, IOJYyYEHHOH OT IIPOM3BOJILHOIO KOHEYHOI'O MHOXKECTBA,

tTpuronomerpudeckux Koaddunuentos Pypwe-Jledera muddepennupyemoii dynknunu... [100-200
CJIOB].

KuaroueBbie cioBa npubsimkennoe auddepeHnupoBane, BOCCTAHOBJEHUE IO HETOYHOM
urdOpMAIH, TPe/Ie/IbHAsT OIPENTHOCTD, KOMIBLIOTEPHBIN (BBIUUCIUTE/BHBIN) HOIepedHnK. [6-8
CJIOB/ CJIOBOCOYETAHMIA|.

Bsenenue

TekcT BBEIEHUSI. ..

Asropam He ciiejlyeT MCHOJIB30BaTh HecTaHjgapTHble nakerbl LaTeX (ucrosb3yiiTe ux JMnib B
cilydae KpaitHeit HeoOX0MMOCTH )

3aroJjioBokK ceKnumn

1.1 3aro/ioBOK MOJCEKIIU
Okpy:keHwusl.

Teopema 1. ...

Jlemma 1. ...

IIpennoxenue 1.

Onpejnenenune 1. ...

Caencrsue 1. ...

3ameuanwue 1. ...

Teopema 2 (Temupramues H. [2]). Texcm meopemo.

,H oKas3aTeJabcTBsBo. Tekcr JO0Ka3aTeJIbCTBa.

2. ®opmyibl, TAOJIUIBI, PUCYHKH

dn(en; DN)y = n(en; T F; D)y = inf N (€N; (l(N),SON>> , (1)
(19 o) D v

e On (en; (1M, on))y = Sn(en; T; F; (1) on ) )y =

= s [0 e (WO () )|

<1(r=1,...N)

B
K

Tabymrbl, pUCYHKH HEOOXOINMO pACIoJiaraTh mocje yrnoMmuHanus. C KaxKJio# WLTIOCTpanueil J0KHa
cJ1e10BaTh HAJIINACh.

3. Ccbuiku u 6ubaunorpadus
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TABLE 3 — HazBauue Tabiuiibi

IIpoctrie He mpocteie
2,3,5,7,11, 13, 17, 19, 23, 29 | 4, 6, 8, 9, 10, 12, 14

PucyHok 22 — Haspanue pucyHka

Jtst cChITOK Ha yTBEp2KJeHusi, (DOPMYJIbI U T. 1. MOYKHO HCIOJIHL30BAaTh MeTKn. Hampumep, Teopema 2,
Dopmyana (1)

s pykosojcra o IATEX u B KadecTBe mpuMepa opopMIeHusT CCBLIOK, CM., HanpuMmep, JIpBockuii C.M.
Ha6op u Bepcrka B makere KTEX. Mocksa: Kocmocuadopm, 1994.

Crurcok jurepaTypbl OQOPMIISIETCS CJIELYTONUM 0OPA30M.

Crmcok janreparypbl

1 Jlokymuesckuit O.M., 'aspukos M.B. Hauasia uncnennoro ananuza. -M.: TOO "duyc", 1995. —581 c. - kuura
Temuprasues H. KoMnopioTepHbIil (BBIYUCIUTEILHBL) IONEPEUHIK KaK CHHTE3 M3BECTHOIO M HOBOIO B UHCJIEHHOM
anammse // Becrank Eppaswmiickoro manmonanpaoro yaumsepcurera umenn JI.H. Tymmnesa —2014. —T.4. Ne101. —C.
16-33. doi: ... (upu HANIMYNK) - CTATHS

3 2Kybanbrmesa A.2K., A6ukenosa 1. O Hopmax npon3BoaHbIX DYHKIMN C HYJIEBBIMY 3HAYEHUSIMI 3aJaHHOIO HAbOpa
JIMHEHHBIX (DYHKIMOHAJIOB W WX MPUMEHEHHs] K TONEPEIHUKOBBIM 3agadaM // PyHKIMOHAJIBHBIE MPOCTPAHCTBA
u Teopus npubsmxkenus oyaknuit: Tesucsl moxmamoB Mexaynaponuoit KondepeHun, nocssmenaoit 110-geTuio
co must poxaenusi akagemuka C.M.Hukonbckoro, Mocksa, Poccusi, 2015. — Mocksa, 2015. —C.141-142. - Tpyasbl
KOoH(epeHInit

4 KypmykoB A.A. AHrHONIPOTEKTOpPHAS ¥ MHUIOJUIUIEMIYECKasi aKTUBHOCTD JieykoMusuHa. —Anmarsr: Bacray, 2007.
—C. 3-5 - razeTHbl€e CTATHU

5 Kpipo B.A., Muxaitmmaenko I'.I. Amanmtndaecknii MeTO/| BIOKEHHsI CUMILUIEKTHIECKOH reomerpun // Cubupckue
SJIEKTPOHHBIE MareMmarTudeckue mspecrusi —2017. —T.14. —C.657-672. doi: 10.17377/semi.2017.14.057. — URL:
http://semr.math.nsc.ru/v14/p657-672.pdf. (nara obpamenus:: 08.01.2017). - 3JIeKTPOHHBINA >KypPHAI

A.2K. Ky6anbimesa ! , H. Temiprasmes ! , A.B. Yrecos 2

L JI.H.Nymunes amuindaev. Eypasus yammok yHU6epcumeminit, meopuaibil MAMeMamuKa HCoHe eolablMU eCEnMeyaep
unemumyma, Acmarna, Kasaxeman
2 K. 2Kyb6anoe amvmdaev. Axmebe onipaix memaexemmin ynusepcumemi, Axmobe, Kazaxcman

Kowmnsbiorepaik (ecenreyim) auamerp MoHMaTiHIHAEe DyHKUMAAAPAbI caHAbIK AuddepeHnuanaay

Ansoranus: Komnbiorepnik (ecenreyim) guamerp monmorininge Co6oJieB KIAChIHIA YKATATHIH (DYHKIMAIAD/IBI OJIAPIbIH,
TpuronoMerpusiiiblk Pypoe-Jleber koaddurpeHTTEPiHiH AKBIPIIBI KUBIHBIHAH AJIBIHFAH J9J1 €MeC aKIapaT GOWbIHIINA XKYyBIKTay
ecebi TosbirbiMen wentinai [100-200 ceszep].

Tyiiin ce3pep: »kybikran nuddepeHnnaigay, IoJ €MeC aklapaT OOibIHINA JKYyBIKTay, IMIEKTIK KarTesaik, Kommbrorepsik
(ecenreyimr) nuamerp [6-8 ces/ces Tipkecrepil.

A.Zh.Zhubanysheva ! , N. Temirgaliyev ! , A.B. Utesov 2

1 Institute of theoretical mathematics and scientific computations of L.N. Gumilyov FEurasian National University,
Astana, Kazakhstan
2 K.Zhubanov Aktobe Regional State University, Aktobe, Kazakhstan

Numerical differentiation of functions in the context of Computational (numerical) diameter

Abstract: The computational (numerical) diameter is used to completely solve the problem of approximate differentiation
of a function given inexact information in the form of an arbitrary finite set of trigonometric Fourier coefficients. [100-200 words|

Keywords: approximate differentiation, recovery from inexact information, limiting error, computational (numerical) di-
ameter, massive limiting error. [6-8 words/word combinations|

124



References

1 Lokucievskij O.M., Gavrikov M.B. Nachala chislennogo analiza [Elements of numerical analysis| (Yanus, Moscow,
1995). [in Russian]

2 Temirgaliyev N. Komp’juternyj (vychislitel’'nyj) poperechnik kak sintez izvestnogo i novogo v chislennom analize
[Computational (numerical) diameter as a synthesis of the known and the new in numerical analysis|, Vestnik Evraz-
ijskogo nacional’nogo universiteta imeni L.N. Gumileva [Bulletin of L.N. Gumilyov Eurasian National University],
4 (101), 16-33 (2014). [in Russian]

3 Zhubanysheva A.Zh., AbikenovaSh.K. O normah proizvodnyh funkcij s nulevymi znachenijami zadannogo nabora
linejnyh funkcionalov i ih primenenija k poperechnikovym zadacham [About the norms of the derivatives of func-
tions with zero values of a given set of linear functionals and their application to the width problems|. Tezisy
dokladov Mezhdunarodnoj konferencii, posvjashhennaja 110-letiju so dnja rozhdenija akademika S.M.Nikol’skogo
"Funkcional’nye prostranstva i teorija priblizhenija funkcij" [International conference on Function Spaces and Ap-
proximation Theory dedicated to the 110th anniversary of S. M. Nikol’skii]. Moscow, 2015, pp. 141-142. [in Russian]

4 Kurmukov A. A. Angioprotektornaja i gipolipidemicheskaja aktivnost’ leukomizina [Angioprotective and lipid-
lowering activity of leukomycin] (Bastau, Almaty, 2007, P. 3-5). [in Russian]

5 Kyrov V.A., Mihajlichenko G.G. Analiticheskij metod vlozhenija simplekticheskoj geometrii [The analytic method of
embedding symplectic geometry]|, Cibirskie jelektronnye matematicheskie izvestija [Siberian Electronic Mathemati-
cal Reports], 14, 657-672 (2017). doi: 10.17377/semi.2017.14.057. Available at: http://semr.math.nsc.ru/v14,/p657-
672.pdf. [in Russian]. (accessed 08.01.2017).

Csenenusi 06 aBTOpax:
2Kybanviwesa A.2K. - crapmmil Hay49HBIA COTpYAHUK VHCTUTyTa TEOPETUYECKOH MATEMATHKHM U HAYYHBIX BBIYNCJIEHUH,
Espasuniicknii nanuonasbubiit yausepcurer umennu JI.H.'ymunesa, yin. Carnaesa, 2, Acrana, Kazaxcran.
Temupzanues H. - nupexkrop VHCTUTYTa TEOpETUYECKOH MaTEMATUKU U HAyYHBbIX BbIYUC/IeHuil, EBpasuiickuii HalmoHaIbHBIH
yuusepcurer umenu JI.H.I'ymunesa, yn. Carmnaesa, 2, Acrana, Kazaxcramn.
VYmecos A.B. - xaugugar pU3NKO-MaTEMATHIECKHX HAYK, IOIEHT KadeIpbl MaTeMaTHUKH, AKTIOOMHCKHI pPErmoHaIbHBIN
rocynapcrBennbiii yausepcurer nmenu K. 2Kybanosa, np. A.Mongarysnosoii, 34, Akrobe, Kazaxcramn.
Zhubanysheva A.Zh. - Senoir researcher of the Institute of theoretical mathematics and scientific computations, L.N.
Gumilyov Eurasian National University, Satpayev str., Astana, Kazakhstan.
Temirgaliyev N. - Head of the Institute of theoretical mathematics and scientific computations, L.N. Gumilyov Eurasian
National University, Satpayev str., Astana, Kazakhstan.
Utesov A.B. - candidate of physical and mathematical sciences, Associate Professor of the Department of Mathematics,
K.Zhubanov Aktobe Regional State University, A.Moldagulova Prospect, 34, Aktobe, Kazakhstan.

Iocmynuaa e pedarxyuro 15.05.2017



Penakropsr: I.'T. Mepzaaunosa

IIbrrapyimsl pegakTop, AU3aiH: A. Hyp6osar

JI.LH. I'ymunes arsingarst Eypasus yATTBIK yHEBEPCUTETIiHIH
Xabapibichl. TeXHUKAIBIK FHIIBIMIAAD YKOHE TEXHAJIOTUIAD CEPHUSICHL.
-2019. -1(126).- Hyp-Cynran: EYV.

IIaprre! 6.1. - 12,125. Tapaabiver - 35 gaHa.

Maswmysbina Tunorpadus xayarr 6epMeni.

Penaknusa mexken-kaiipr: 010008, Hyp-Cyurran.,
Cornaes kereci, 2
JL.H. I'ymunes arsinparel Eypasus yaTTBIK yHUBEpCUATETI

Ten.: +7(7172) 70-95-00(imxi 31-428)

JL.LH. I'ymuneB areiagarsl Eypasust yJITTBIK, YHIBEPCUTETIHIH Hacrachiiia 6achlIabl

126



