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V. N. Kaliakin

University of Delaware, Newark, Delaware, U.S.A.
(E-mail: kaliakin@udel.edu)

Anisotropic Elasticity for Soils: A Synthesis of Some Key Issues

Abstract: Traditionally, the elastic response of soils has been assumed to be isotropic. Natural
soils are, however, more likely to exhibit anisotropic response. For example, sedimentary soils, which
are typically deposited under gravity, possess different properties in the direction of deposition as
opposed to the planes normal to this direction. This paper synthesizes several key issues related
to anisotropic elastic material idealizations for soils. Emphasis is placed on transversely isotropic
(“cross-anisotropic”) elastic material idealizations.

Weywords: elasticity, isotropy, anisotropy, orthotropic, transversely isotropic.

DOI: https://doi.org/10.32523/2616-7263-2019-127-2-49-63

1. Introduction. Traditionally, the elastic response of soils has been assumed to be isotropic.
This was primarily done for two reasons. First, was a desire not to overly complicate analytical for-
mulations. Second, was the lack of suitable experimental apparatus to measure the elastic constants
necessary to characterize the anisotropic elastic response of soils. Over the last 35 or so years, the
latter constraint has been significantly lessened, as substantial progress has been made in the devel-
opment of experimental apparatus and techniques that facilitate measurement of the aforementioned
elastic constants. Such measurements confirm that soils indeed exhibit elastic response, albeit at
low strain levels, and that this response is typically anisotropic. Consequently, anisotropic elastic
material idealizations for soils have become significantly more tractable.

This paper reviews some key issues related to anisotropic elastic material idealizations for soils.
Although some of these issues have been discussed in previous papers, missing from the earlier
documents was any attempt to synthesize these issues. Such a synthesis is presented in this paper.
2. Elastic Deformations in Soils
In an elastic material, the state of stress is a function only of the current state of deformation;

it does not depend on the history of straining or loading. When loaded, an elastic material stores
100% of the energy due to deformation (i.e., strain energy). Upon removal of the applied loading, the
material releases 100% of the stored energy and returns to its initial state; no permanent deformation
is realized. Finally, the response is rate-independent; i.e., the rate at which the loading is applied
has no effect upon the material response.

Elastic response is seemingly ambiguous for highly nonlinear materials such as soils [10]. However,
under certain conditions, the behavior of soils is very nearly elastic. For example, Hardin and
Black [6] found that at very small axial strain levels (i.e., less than 0.01%), dynamic loading tests
on normally consolidated clays exhibited only very small hysteretic damping, thus indicating nearly
elastic response. Subsequent experimental studies, performed in the 1980’s and 90’s, showed that the
small-strain behavior of soils is generally linear elastic and time- and rate-independent [25, 11, 7, 26].
Based on the results of very careful experiments performed on a variety of geomaterials, Tatsuaoka
et al. [27] subsequently concluded that such materials exhibit “imperfect elasticity,” even at strains
less than 0.001%. Consequently geomaterials were considered to exhibit “quasi-elastic” response that
was essentially rate-independent and nearly linear. This was consistent with the earlier findings of
Hicher [7]. In summary, the exact “threshold” strain value, below which geomaterials behave truly
elastically, is still debatable. Nevertheless, elastic material characteristics for such materials are
commonly considered to be applicable for strains smaller than 0.001% for uncemented soils [25, 11, 7].

In granular soils elastic deformations are attributed primarily to the distortion of individual par-
ticles. This occurs at relatively low levels of loading. At higher load levels the particles will move
relative to one another, resulting in a permanent (inelastic) deformation. If the load level is partic-
ularly high, the particle may also begin to crush.

49
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In cohesive soils subjected to changes in effective stress conditions, both the shear and normal
forces at points of interparticle contact undergo changes in magnitude. These changes produce an
elastic bending of particles, as well as a relaxation of previously bent or distorted particles or particle
clusters. Both of these phenomena occur without slippage or breakage of interparticle bonds and
result in an instantaneous elastic deformation of the macroelement.
3. The Issue of Elastic Isotropy
Limited experimental results on several different sands indicate isotropic behavior upon unloading,

even when the strains during loading indicated anisotropic behavior [23]. A similar conclusion
was reached by Krizek [12], who presented results of unconfined compression tests on sedimented
specimens of kaolin clay with different degrees of inherent anisotropy. Results for sensitive clays
studied by Wong and Mitchell [28] also showed nearly isotropic elastic behavior. The associated
plastic stress-strain relations were, however, anisotropic. Citing the above results for sands and
clays, Lade and Nelson [14] concluded that although microscopic elastic behavior of geomaterials is
randomly anisotropic and non-homogeneous, such materials can be considered as macroscopically
homogeneous and isotropic. This is particularly true for remolded laboratory soil samples.

For their characterization, isotropic materials require the values of two material constants. Tradi-
tionally, the bulk modulus (K ) and shear modulus (G ), or the elastic (Young’s) modulus (E ) and
Poisson’s ratio ( ν ) have been used to characterize isotropic elastic materials. Experimental results
for geomaterials indicate that they generally exhibit nonlinear elastic response, with K , G , and
E being primarily dependent on the 1) state of stress, 2) density (or void ratio), and 3) stress his-
tory [6]. The importance of this nonlinearity has been generally recognized and a variety of models,
possessing varying degrees of complexity, have been proposed [9, 10, 14, 7].
4. Anisotropic Elastic Material Idealizations
Natural soils are more likely to exhibit anisotropic response. For example, sedimentary soils, which

are typically deposited under gravity, possess different properties in the direction of deposition as
opposed to the planes normal to this direction. For a general homogeneous, anisotropic linear elastic
(Hookian) material, in the absence of initial strains and stresses, the constitutive relations, in “direct”
vector-matrix form, are given by

δεe = A δσ′ (1)
where A is a symmetric (Nrowb ∗Nrowb) matrix of compliance coefficients characterizing the mate-
rial, δεe and δσ′ are (Nrowb∗1) vectors of infinitesimal elastic strain and effective stress increments,
respectively, and Nrowb is the number of stress and strain components (for three-dimensional anal-
yses, Nrowb = 6 ; for torsionless axisymmetry, Nrowb = 4 ; for plane strain analyses, Nrowb = 3 ).
For three-dimensional analyses,

δεe =
{
δεe11 δεe22 δεe33 δγe12 δγe13 δγe23

}T
δσ′ =

{
δσ′11 δσ′22 δσ′33 δσ′12 δσ′13 δσ′23

}T
where γe12 , γe13 , and γe23 are engineering shear strains, and the superscript T denotes the operation
of vector transposition.

Written in “inverse” “direct” vector-matrix form, the constitutive relations are are given by gen-
eralized Hooke’s law; viz.,

δσ′ = D δεe (2)
where D , which is the inverse of A , represents the symmetric (Nrowb ∗ Nrowb) matrix of elastic
moduli.

Due to symmetry, in their most general form, both A and D contain 21 independent coefficients
that characterize the elastic material. The prospect of determining values for 21 material coeffi-
cients from experimental results is a formidable task. Fortunately, however, most of the important
engineering materials possess some internal structure that exhibits certain symmetries that reduce
the number of independent elastic coefficients required to characterize the material. For the present
development, it is expedient to first consider an orthotropic material idealization.
4.1 Orthotropic Elastic Idealizations
Consider a material through each point of which pass three mutually perpendicular planes of elastic

symmetry. If similar planes are parallel at all points in the material, then taking the (x1, x2, x3) ≡
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(x, y, z) coordinate axes normal to these planes (i.e., along the principal directions) it follows that
there should be no interaction between the various shear components or between the shear and
normal components. Consequently, the compliance matrix has the following entries [15]:

A =



1/E1 −ν21/E2 −ν31/E3 0 0 0

−ν12/E1 1/E2 −ν32/E3 0 0 0

−ν13/E1 −ν23/E2 1/E3 0 0 0

0 0 0 1/G12 0 0

0 0 0 0 1/G13 0

0 0 0 0 0 1/G23


(3)

The material constants appearing in equation (3) are defined as follows: E1 , E2 , and E3 are
elastic moduli associated with tension or compression in the material coordinate direction x1 , x2 ,
and x3 , respectively. These moduli are obtained under drained conditions; they are thus defined
in terms of effective stress. The Gij is the elastic shear modulus that relates the shear stress σij
to the shear strain γij , where no summation on repeated indices is implied. Finally, νij is the
Poisson’s ratio that is equal to the ratio of the lateral contraction in the xj material coordinate
direction resulting from a uniaxial extension in the xi coordinate direction [15].

Symmetry of A implies that ν21/E2 = ν12/E1 , ν21/E2 = ν12/E1 , and ν32/E3 = ν23/E2 . Thus,
only nine of the twelve elastic constants entering equation (3) are independent; viz,

E1, E2, E3, ν12, ν13, ν23, G12, G13, G23

4.2 Transversely Isotropic Idealizations
Due to the manner in which natural soils are deposited, it is logical to expect them to exhibit

approximately transversely isotropic (or “cross-anisotropic”) response. While this realization is not
new [3, 22, 2, 5, 24], the lack of suitable experimental apparatus to accurately measure the five
elastic constants associated with transverse isotropy has, in the past, precluded the use of such
idealizations. More recently [8, 17, 13, 1, 21], substantial progress has been made in experimental
techniques that facilitate the measurement of the aforementioned elastic constants.

Through all points of a transversely isotropic material there pass parallel planes of elastic sym-
metry in which all directions are elastically equivalent (i.e., planes of isotropy). Thus at each point
there exists one principal direction and an infinite number of principal directions in a plane normal
to the first direction [15]. Assume that the local material axes (x̃1, x̃2, x̃3) ≡ (x̃, ỹ, z̃) coincide with
the global x , y and z coordinate axes (Figure 1). Furthermore, assume that the global x -axis is
taken normal to the planes of isotropy, with the global y and z axes directed arbitrarily in such
planes.

Figure 1 – Schematic illustration of an element of transversely isotropic material.
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In light of this definition of a transversely isotropic material, and in relation to the orthotropic
elastic constants given in equation (3), the following elastic constants are defined: E1 ≡ En , where
En is the elastic modulus for compression or tension in a direction normal to the plane of isotropy,
and E2 = E3 ≡ Et , where Et is the elastic modulus for compression or tension in the plane of
isotropy (i.e., in a direction tangential to the x -axis). Since the y - z plane is a plane of isotropy,
ν21 = ν31 ≡ νtn , where νtn is the Poisson’s ratio characterizing the lateral contraction normal to the
plane of isotropy when tension is applied in the plane. The modulus G12 = G13 ≡ Gnt is associated
with shearing involving δγe12 and δγe13 . Finally, G23 ≡ Gtt characterizes shearing in the plane of
isotropy. It is given by 1/Gtt = 2 (1 + νtt)/Et , from which it is evident that Gtt is thus not an
independent material constant.

From equation (3), symmetry of A requires that A23 = A32 , giving ν32/E3 = ν23/E2 . Since
E2 = E3 , it follows that ν32 = ν23 ≡ νtt , where νtt is the Poisson’s ratio characterizing transverse
contraction in the plane of isotropy when tension is applied in the same plane.

Symmetry considerations also require that A12 = A21 and A13 = A31 , giving ν21/E2 = ν12/E1

and ν31/E3 = ν13/E1 . Since ν31 = ν21 , it follows that now ν13/E1 = ν12/E1 , thus giving
ν12 = ν13 ≡ νnt . Here νnt is the Poisson’s ratio characterizing the lateral contraction in the plane
of isotropy when tension is applied normal to the plane.

When the global x -axis is taken normal to the planes of isotropy, a transversely isotropic material
is thus characterized by the values of five material constants, namely:

Et, En, νnt, νtt, Gnt

The compliance matrix given by equation (3) thus becomes

A =



1/En −νtn/Et −νtn/Et 0 0 0

−νnt/En 1/Et −νtt/Et 0 0 0

−νnt/En −νtt/Et 1/Et 0 0 0

0 0 0 1/Gnt 0 0

0 0 0 0 1/Gnt 0

0 0 0 0 0 2 (1 + νtt)/Et


(4)

where νtn = νnt(Et/En) .
5. Volumetric Strain
Assuming infinitesimal kinematics, the elastic volumetric strain increment for an anisotropic elas-

tic material described by equation (1) is

δεev = δεe11 + δεe22 + δεe33

= (A11 +A21 +A31) δσ
′
11 + (A12 +A22 +A32) δσ

′
22 + (A13 +A23 +A33) δσ

′
33 (5)

Substituting the requisite compliance entries from equation (3) into equation (5), the elastic
volumetric strain increment for an orthotropic elastic material idealization is

δεev =
1

E1
(1− ν12 − ν13) δσ′11 +

1

E2
(1− ν21 − ν23) δσ′22 +

1

E3
(1− ν31 − ν32) δσ′33 (6)

For the transversely isotropic elastic material idealization defined by equation (4), equation (6)
reduces to

δεev =
1

En
(1− 2νnt) δσ

′
11 +

1

Et
(1− νtn − νtt) δσ′22 +

1

Et
(1− νtn − νtt) δσ′33 (7)

For the special case of isotropic compression, δσ′11 = δσ′22 = δσ′33 . The elastic volumetric strain
increment for an orthotropic elastic material idealization is thus

δεev =

[
1

E1
(1− ν12 − ν13) +

1

E2
(1− ν21 − ν23) +

1

E3
(1− ν31 − ν32)

]
δσ′11 (8)
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For a transversely isotropic elastic material subjected to a state of isotropic compression, equa-
tion (6) reduces to

δεev =

[
1

En
(1− 2νnt) +

1

Et
(1− 2νtn) +

1

Et
(1− 2νtt)

]
δσ′11 =

1

K̃
δσ′11 (9)

where K̃ is a generalized bulk modulus.
For completeness, note that for an isotropic elastic material, E1 = E2 = E3 = E , ν12 = ν13 =

ν21 = ν23 = ν31 = ν32 = ν . Equation (8) thus reduces to

δεev =
1

E
[3(1− 2ν)] δσ′11 =

1

K̃
δσ′11

where K̃ is now equal to the “drained” elastic bulk modulus K ′ = E/3(1− 2ν) .
6. Undrained Conditions
For a saturated anisotropic elastic soil with incompressible fluid and solid phase, under undrained

conditions, equation (5) becomes

δεev = δεe11 + δεe22 + δεe33 = 0 (10)

For an orthotropic elastic material idealization, equation (6) gives
1

E1
(1− ν12 − ν13) δσ′11 +

1

E2
(1− ν21 − ν23) δσ′22 +

1

E3
(1− ν31 − ν32) δσ′33 = 0 (11)

Since the normal effective stress increments δσ′11 , δσ′22 and δσ′33 are, in general, non-zero, and
since E1 > 0 , E2 > 0 and E3 > 0 , the kinematic constraint of zero volume imposes the following
constraints on the Poisson’s ratios associated with an orthotropic material idealization:

(1− ν12 − ν13) = 0 ; (1− ν21 − ν23) = 0 ; (1− ν31 − ν32) = 0 (12)

For a transversely isotropic elastic material idealization, equation (7) gives
1

En
(1− 2νnt) δσ

′
11 +

1

Et
(1− νtn − νtt) δσ′22 +

1

Et
(1− νtn − νtt) δσ′33 = 0 (13)

Since the normal effective stress increments δσ′11 , δσ′22 and δσ′33 are, in general, non-zero, and
since En > 0 and Et > 0 , the kinematic constraint of zero volume imposes the following constraints
on the Poisson’s ratios associated with a transversely isotropic material idealization:

1

En
(1− 2νnt) = 0 ;

1

Et
(1− νtn − νtt) = 0 (14)

Since En > 0 , the first of the constraint equations (14) gives νnt = 1/2 . Using this value, along
with the relation νtn = Etνnt/En , which is due to the symmetry of A (recall equation 4), gives

νtn =
1

2

(
Et
En

)
(15)

Substituting equation (15) into the second constraint equation (14), and recalling that Et > 0 ,
gives

νtt = 1− 1

2

(
Et
En

)
(16)

Lempriere [?] showed that νtt must be in the range −1 < νtt < 1 . Combining this fact with
equation (16), the admissible range for the ratio of these elastic moduli is thus 0 < (Et/En) < 4 .

In summary, since νnt = 1/2 and νtt is computed using equation (16), the number of indepen-
dent material constants associated with a transversely isotropic elastic idealization under undrained
conditions thus reduces from five to three; i.e., En , Et and Gnt .
7. Plane Strain Conditions
Consider a transverse isotropic material idealization with the global x -axis again taken normal

to the planes of isotropy. The z -axis is chosen to coincide with the “long” direction of the material.
As such, γ13 = γ23 = ε33 = 0 . From the third of equations (4),

ε33 = −νnt
En

σ′11 −
νtt
Et
σ′22 +

1

Et
σ′33 = 0 ⇒ σ′33 = Et

(
νnt
En

σ′11 +
νtt
Et
σ′22

)
(17)
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Figure 2 – Element of transversely isotropic material under plane strain conditions.

Substituting equation (17) into the first two of equations (4) gives the following constitutive
relations: 

δεe11
δεe22
δγe12

 =
1

Et

n(1− νntνtn) −νtn(1 + νtt) 0

−νtn(1 + νtt) 1− (νtt)
2 0

0 0 1/Gnt



δσ′11
δσ′22
δσ′12

 (18)

8. Axisymmetric Triaxial Conditions
Under axisymmetric triaxial conditions, only principal stresses are applied to a sample; all shear

stresses and shear strains are thus zero. As such, in writing the constitutive relations, only the
leading principal 3 by 3 sub-matrix of A in equation (4) need be considered; viz.,


δεe11
δεe22
δεe33

 =


1/En −νtn/Et −νtn/Et

−νnt/En 1/Et −νtt/Et

−νnt/En −νtt/Et 1/Et



δσ′11
δσ′22
δσ′33

 (19)

Letting n = Et/En , and recalling that due to the symmetry of A , νnt/En = νtn/Et , equa-
tion (19) is commonly re-written as

δεe11
δεe22
δεe33

 =
1

Et


n −νtn −νtn

−νtn 1 −νtt

−νtn −νtt 1



δσ′11
δσ′22
δσ′33

 (20)

Constitutive relations for specific axisymmetric triaxial stress states are next derived. Recalling
the definition of the mean normal effective stress p′ and the deviator stress q ; viz.,

δp′ =
δσ′1 + 2δσ′3

3
, q = δσ′1 − δσ′3

Solving these two equations for δσ′1 and δσ′3 gives

δσ′1 = δp′ +
2

3
δq , δσ′3 = δp′ − 1

3
δq (21)

8.1 “Vertical” Specimens with δσ′11 > δσ′22 = δσ′33
This case is shown in Figure 3. The elastic strain increments are δεe1 ≡ δεe11 , δεe2 ≡ δεe22 ,

δεe3 ≡ δεe33 , with δεe2 = δεe3 . The associated effective stress increments are δσ′1 ≡ δσ′11 , δσ′2 ≡ δσ′22 ,
and δσ′3 ≡ δσ′33 , with δσ′2 = δσ′3 .
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Figure 3 – Transversely isotropic material under axisymmetric triaxial conditions: “vertical” specimen with δσ′11 > δσ′22 =

δσ′33 .

Substituting equations (21) for δσ′1 and δσ′3 into equations (20) gives, after some manipulation,
the elastic strain increments in terms of δp′ and δq ; viz.,

δεe11 ≡ δεe1 =
1

Et

(
n δσ′1 − 2νtnδσ

′
3

)
=

1

Et

[
(n− 2νtn) δp′ +

2

3
(nνtn) δq

]
(22)

δεe22 ≡ δεe2 =
1

Et

(
−νtn δσ′1 + (1− νtt) δσ′3

)
=

1

Et

[
(1− νtn − νtt) δp′ +

1

3
(νtt − 2νtn − 1) δq

]
(23)

δεe33 ≡ δεe3 =
1

Et

[
− νtn δσ′1 + (1− νtt) δσ′3

]
=

1

Et

[
(1− νtn − νtt) δp′ +

1

3
(νtt − 2νtn − 1) δq

]
(24)

where, as expected, δεe2 = δεe3 .
Recalling equation (5), and using equations (22) to (24), the elastic volumetric strain increment

is

δεev = δεe11 + δεe22 + δεe33 = δεe1 + 2δεe3 =
1

Et

[
(n− 2νtn)δσ′1 + 2(1− νtt − νtn)δσ′3

]
=

1

Et

{[
n+ 2 (1− 2νtn − νtt)

]
δp′ +

2

3
(n− νtn + νtt − 1)δq

}
(25)

For the special case of isotropic compression, δσ′1 = δσ′2 = δσ′3 . equation (25) then becomes

δεev =
1

Et

[
n+ 2(1− 2νtn − νtt)

]
δp′

The axial distorsional strain increment is given by

δεes =
2

3
(δεe1 − δεe3) =

2

3
(δεe11 − δεe33)

=
2

3Et

[
(n+ νtn)δσ′1 + (νtt − 2νtn − 1)δσ′3

]
=

2

3Et

{
(n− νtn + νtt − 1)δp′ +

1

3

[
2 (n+ 2νtn)− νtt + 1

]
δq

}
(26)

For the special case of isotropic compression, δq = 0 . Equation (26) thus becomes

δεes =
2

3Et

[
(n− νtn − νtt) δp′

]
indicating that, because of anisotropy, δεes 6= 0 even though the effective stress state is isotropic.
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Following the example of Graham and Houlsby [5], the elastic stress-strain are written in vector-
matrix form, giving {

δεev

δεes

}
=

[
1/K∗ 1/J∗

1/J∗ 1/3G∗

]{
δp′

δq

}
(27)

where, in light of equations (25) and (26),
1

K∗
=

1

Et

[
n+ 2 (1− 2νtn − νtt)

]
(28)

1

J∗
=

2

3Et
[n− νtn + νtt − 1] (29)

1

3G∗
=

2

9Et

[
2 (n+ 2νtn)− νtt + 1

]
(30)

As a check, consider an isotropic material idealization. Now νtn = νtt ≡ ν , Et ≡ E and n = 1 .
Equations (28) to (30) reduce to

1

K∗
=

1

E

[
1 + 2− 4ν − 2ν

]
=

3

E
(1− 2ν) ⇒ K∗ =

E

3 (1− 2ν)
≡ K ′

1

J
=

2

3E

[
1− ν + ν − 1

]
= 0

1

3G∗
=

2

9E

[
2 (1 + 2ν)− ν + 1

]
=

2 (1 + ν)

3E
⇒ G∗ =

E

2(1 + ν)
≡ G

where K ′ is the “drained” elastic bulk modulus, and G is the elastic shear modulus. The “usual”
results for isotropic elasticity are thus obtained; viz., δεev = δp′/K ′ and δεes = δq/(3G) .

Recalling the definition of the increment in octahedral shear strain, written in terms of principal
strains [4]; viz.,

δγ2oct =
1

9

[
(δε1 − δε2)2 + (δε2 − δε3)2 + (δε3 − δε1)2

]
(31)

using equations (22) to (24), it is instructive to compute the following three elastic incremental
principal strain differences:

δεe1 − δεe2 = δεe11 − δεe22 =
1

Et

[
(n− νtn + νtt − 1)δp′ +

1

3
(2n+ 4νtn − νtt + 1)δq

]
δεe2 − δεe3 = δεe22 − δεe33 = 0

δεe3 − δεe1 = δεe33 − δεe11 = − (δεe1 − δεe2)
For the special case of isotropic compression, δq = 0 . Thus,

δεe1 − δεe2 = − (δεe3 − δεe1) =
1

Et

[
(n− νtn + νtt − 1)δp′

]
indicating that, because of anisotropy, δγeoct 6= 0 even though the effective stress state is isotropic.
Only for the case of material isotropy ( νtn = νtt ≡ ν , Et ≡ E , n = 1 ) will δγeoct = 0 .
8.2 “Horizontal” Specimens with δσ′33 > δσ′11 = δσ′22
This case is shown in Figure 4. The elastic strain increments are δεe1 ≡ δεe33 , δεe2 ≡ δεe11 ,

δεe3 ≡ δεe22 . The associated effective stress increments are δσ′1 ≡ δσ′33 , δσ′2 ≡ δσ′11 , and δσ′3 ≡ δσ′22 ,
with δσ′2 = δσ′3 .

Substituting equations (21) for δσ′1 and δσ′3 into equations (20) gives, after some manipulation,
the elastic strain increments in terms of δp′ and δq ; viz.,

δεe11 ≡ δεe2 =
1

Et

[
− νtn δσ′1 + (n− νtn) δσ′3

]
=

1

Et

[
(n− 2νtn)δp′ − 1

3
(n+ νtn) δq

]
(32)
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Figure 4 – Transversely isotropic material under axisymmetric triaxial conditions: “horizontal” specimen with δσ′33 >
δσ′11 = δσ′22 .

δεe22 ≡ δεe3 =
1

Et

(
−νtt δσ′1 + (1− νtn) δσ′3

)
=

1

Et

[
(1− νtn − νtt) δp′ +

1

3
(νtn − 2νtt − 1) δq

]
(33)

δεe33 ≡ δεe1 =
1

Et

[
δσ′1 − (νtn + νtt) δσ

′
3

]
=

1

Et

[
(1− νtn − νtt) δp′ +

1

3
(νtn + νtt + 2) δq

]
(34)

From equations (32) and (33) it is evident that although δσ′11 = δσ′22 , δεe11 6= δεe22 due to
anisotropy. The condition δεe11 = δεe22 will, however, be realized if the material is isotropic (i.e., for
n = 1 , Et ≡ E , and νtn = νtt ≡ ν ).

Recalling equation (5), and using equations (32) to (34), the elastic volumetric strain increment
is

δεev = δεe11 + δεe22 + δεe33 = δεe1 + δεe2 + δεe3 =
1

Et

[
(1− νtn − νtt)δσ′1 + (n− 3νtn − νtt + 1)δσ′3

]
=

1

Et

{[
n+ 2 (1− 2νtn − νtt)

]
δp′ +

1

3
(1 + νtn − νtt − n)δq

}
(35)

For the special case of isotropic compression, δq = 0 . Equation (35) then becomes

δεev =
1

Et

[
n+ 2(1− 2νtn − νtt)

]
δp′

The axial distorsional strain increment is given by

δεes =
2(1 + νtt)

3Et

[
δσ′1 − δσ′3

]
=

2(1 + νtt)

3Et
δq (36)

For the special case of isotropic compression, δq = 0 ⇒ δεes = 0 .
The elastic stress-strain are next written in vector-matrix form, giving{

δεev

δεes

}
=

[
1/K∗ 1/J∗1

1/J∗2 1/3G∗

]{
δp′

δq

}
(37)

where, in light of equations (35) and (36),
1

K∗
=

1

Et

[
n+ 2 (1− 2νtn − νtt)

]
(38)

1

J∗1
=

1

3Et

[
(1 + νtn − νtt − n)

]
;

1

J∗2
= 0 (39)

1

3G∗
=

2(1 + νtt)

3Et
(40)
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For an isotropic material idealization, equations (38) to (40) reduce to
1

K∗
=

1

E

[
1 + 2 (1− 2ν − ν)

]
=

3

E
(1− 2ν) ⇒ K∗ =

E

3 (1− 2ν)
≡ K ′

1

J∗1
=

1

3Et

[
(1 + ν − ν − 1)

]
= 0

1

3G∗
=

2(1 + ν)

3E
⇒ 3G∗ =

3E

2(1 + ν)
≡ 3G

where K ′ and G are again the “drained” elastic bulk and shear modulus, respectively.
Using equations (32) to (34), it is instructive to compute the three elastic incremental principal

strain differences entering equation (31) for the increment in octahedral shear strain; viz.,

δεe1 − δεe2 = δεe33 − δεe11 =
1

Et

[
(1 + νtn − νtt − n)δp′ +

1

3
(2 + 2νtn + νtt + n)δq

]
δεe2 − δεe3 = δεe11 − δεe22 =

1

Et

[
(νtt − νtn + n− 1)δp′ +

1

3
(1− 2νtn + 2νtt − n)δq

]
δεe3 − δεe1 = δεe22 − δεe33 =

1

Et

[
− (1 + νtt)δq

]
For the special case of isotropic compression, δq = 0 . Thus,

δεe1 − δεe2 = − (δεe2 − δεe3) =
1

Et

[
(1 + νtn − νtt − n)δp′

]
indicating that, because of anisotropy, δγeoct 6= 0 even though the effective stress state is isotropic.
Only for the case of material isotropy ( νtn = νtt ≡ ν , Et ≡ E , n = 1 ) will δγeoct = 0 .
8.3 “Horizontal” Specimens with δσ′22 > δσ′33 = δσ′11
This case is shown in Figure 5. The elastic strain increments are δεe1 ≡ δεe33 , δεe2 ≡ δεe11 ,

δεe3 ≡ δεe22 . The associated effective stress increments are δσ′1 ≡ δσ′33 , δσ′2 ≡ δσ′11 , and δσ′3 ≡ δσ′22 ,
with δσ′2 = δσ′3 .

Figure 5 – Transversely isotropic material under axisymmetric triaxial conditions: “horizontal” specimen with δσ′22 >
δσ′33 = δσ′11 .

Substituting equations (21) for δσ′1 and δσ′3 into equations (20) gives, after some manipulation,
the elastic strain increments in terms of δp′ and δq ; viz.,

δεe11 ≡ δεe3 =
1

Et

[
− νtn δσ′1 + (n− νtn) δσ′3

]
=

1

Et

[
(n− 2νtn)δp′ − 1

3
(n+ νtn) δq

]
(41)

δεe22 ≡ δεe1 =
1

Et

(
δσ′1 − (νtn + νtt) δσ

′
3

)
=

1

Et

[
(1− νtn − νtt) δp′ +

1

3
(νtn − 2νtt + 2) δq

]
(42)
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δεe33 ≡ δεe2 =
1

Et

[
− νttδσ′1 + (1− νtn) δσ′3

]
=

1

Et

[
(1− νtn − νtt) δp′ −

1

3
(1− νtn + 2νtt) δq

]
(43)

From equations (41) and (43) it is evident that although δσ′11 = δσ′33 , δεe11 6= δεe33 due to
anisotropy. The condition δεe11 = δεe33 will, however, be realized if the material is isotropic (i.e., for
n = 1 , Et ≡ E , and νtn = νtt ≡ ν ).

The elastic volumetric strain increment is

δεev = δεe11 + δεe22 + δεe33 = δεe1 + δεe2 + δεe3 =
1

Et

[
(1− νtn − νtt)δσ′1 + (n− 3νtn − νtt + 1)δσ′3

]
=

1

Et

{[
n+ 2(1− 2νtn − νtt)

]
δp′ +

1

3
(1 + νtn − νtt − n) δq

}
(44)

For the special case of isotropic compression, δq = 0 . Equation (44) then becomes

δεev =
1

Et

[
n+ 2(1− 2νtn − νtt)

]
δp′

The axial distorsional strain increment is given by

δεes =
2

3Et

[
(1 +νtn)δσ′1− (n+νtt)δσ

′
3

]
=

2

3Et

[
(1 +νtn−νtt−n)δp′+

1

3
(2 + 2νtn+νtt+n)δq

]
(45)

For the special case of isotropic compression, equation (45) becomes

δεes =
2

3Et

[
(1 + νtn − νtt − n)δp′

]
The elastic stress-strain are next written in vector-matrix form, giving{

δεev

δεes

}
=

[
1/K∗ 1/J∗1

1/J∗2 1/3G∗

]{
δp′

δq

}
(46)

where, in light of equations (44) and (45),

1

K∗
=

1

Et

[
n+ 2(1− 2νtn − νtt)

]
(47)

1

J∗1
=

1

3Et
(1 + νtn − νtt − n) (48)

1

J∗2
=

2

3Et
(1 + νtn − νtt − n) =

2

J∗1
(49)

1

3G∗
=

2

9Et
(2 + 2νtn + νtt + n) (50)

The expression for 1/K∗ given by equation (47) is identical to that for the other two configurations
considered in Sections 8.1 and 8.2 (recall equations (28) and (38)).

For an isotropic material idealization, equations (47) to (50) reduce to

1

K∗
=

1

E

[
1 + 2 (1− 2ν − ν)

]
=

3

E
(1− 2ν) ⇒ K∗ =

E

3 (1− 2ν)
≡ K ′

1

J∗1
=

1

J∗2
= 0

1

3G∗
=

2

9E
(2 + 2ν + ν + 1) =

2(1 + ν)

3E
=

1

3G

where K ′ and G are again the “drained” elastic bulk and shear modulus, respectively.
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Using equations (41) to (43), it is instructive to compute the three elastic incremental principal
strain differences entering equation (31) for the increment in octahedral shear strain; viz.,

δεe1 − δεe2 = δεe22 − δεe33 =
1

Et
(1 + νtt)δq

δεe2 − δεe3 = δεe33 − δεe11 =
1

Et

[
(νtn − νtt − n+ 1)δp′ +

1

3
(2νtn − 2νtt + n− 1)δq

]
δεe3 − δεe1 = δεe11 − δεe22 =

1

Et

[
(−νtn + νtt + n− 1)δp′ − 1

3
(2νtn + νtt + n+ 2)δq

]
For the special case of isotropic compression, δq = 0 . Thus,

δεe2 − δεe3 = − (δεe3 − δεe1) =
1

Et

[
(νtn − νtt − n+ 1)δp′

]
indicating that, because of anisotropy, δγeoct 6= 0 even though the effective stress state is isotropic.
Only for the case of material isotropy ( νtn = νtt ≡ ν , Et ≡ E , n = 1 ) will δγeoct = 0 .
9. Conclusions
Some key issues associated with anisotropic elastic material idealizations of soils have been pre-

sented in this paper. Although the discussion began with the orthotropic elastic idealizations,
emphasis was placed on transversely isotropic (or “cross-anisotropic”) idealizations. The issues dis-
cussed for such idealizations facilitate the use of available closed-form solutions for homogeneous,
transversely isotropic elastic geotechnical engineering problems [3, 18, 19, 20].

The inclusion of such idealizations into existing and new elastoplastic and/or elastoviscoplastic
constitutive models for soils requires a specific analytical form for the anisotropic idealization, as
well as suitable empirical expressions for the associated elastic material constants. These two topics
are, however, beyond the scope of this paper, as they depend on the specific constitutive model being
used.
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В.Н. Калякин

Делавэр штатының университетi, Ньюарк, Делавэр, АҚШ

Анизотроптың топырақтың тұрақтылығы: кейбiр маңызды мәселелердiң қысқаша мазмұны

Аңдатпа:Дәстүрлi қалыпта жер қабатының реакциясы изотропты болуы керек едi. Алайда,
табиғи топырақ анизотропты реакцияны көрсетедi. Мысалы: әдетте гравитацияға ұшырайтын
шөгiндi топырақтың осы бағытта перпендикулярлы ұлпақтардан айырмашылығы, тұндыру
бағытында әртүрлi қасиеттерге ие болуынан болып табылады. Бұл мақалада топыраққа
арналған анизотропты серпiмдi материалдарды идеализациялауға байланысты бiрнеше негiзгi
мәселелер жинақталып, айтылаған. Ең көп қолданылатын материалдардың көлденең
изотропты ("көлденең анизотропты") идеализациясына ерекше назар аударылады.
Түйiн сөздер: серпiмдiлiк, изотропия, анизотропия, ортотропия, көлденең-

изотропиятылық.

В.Н. Калякин

Университет штата Делавэр, Ньюарк, Делавэр, США

Анизотропная упругость грунтов обобщение некоторых ключевых вопросов

Аннотация: Традиционно эластичная реакция грунтов предполагалась быть изотропной. Природные грунты,
однако, с большей вероятностью проявляют анизотропную реакцию. Например осадочные грунты, которые обычно
осаждаются под действием силы тяжести, обладают различными свойствами в направлении осаждения в отличие от
плоскостей, перпендикулярных этому направлению. В этой статье обобщается несколько ключевых вопросов, связанных
с идеализацией анизотропных упругих материалов для грунтов. Акцент делается на поперечно-изотропных ("поперечно-
анизотропных") идеализациях упругого материала.

Ключевые слова: эластичность, изотропия, анизотропия, ортотропность, поперечно-изотропность.
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25(2), 357–374(1975).

3 Barden, L. Stresses and Displacements in a Cross-Anisotropic Soil, Géotechnique, 13(3), 198–210(1963).
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Géotechnique, 22(1), 169-174(1972).

20 Nayak, M. Elastic Settlement of a Cross Anisotropic Medium under Axi-Symmetric Loading, Soil and Foundations,
13(2), 83-90(1973).

21 Nishimura, S. Assessment of anisotropic elastic parameters of saturated clay measured in triaxial apparatus:
Appraisal of techniques and derivation procedures, Soil and Foundations, 54(3), 364-376(2014).

22 Pickering, D. J. Anisotropic Elastic Parameters for Soil, Géotechnique, 20(3), 271-276(1970).
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Түйiн сөздер (6-8 сөз не сөз тiркесi. Түйiн сөздер мақала мазмұнын көрсетiп, мейлiнше мақала атауы мен
аннотациядағы сөздердi қайталамай, мақала мазмұнындағы сөздердi қолдану қажет. Сонымен қатар, ақпараттық-
iздестiру жүйелерiнде мақаланы жеңiл табуға мүмкiндiк беретiн ғылым салаларының терминдерiн қолдану қажет).

Негiзгi мәтiн мақаланың мақсаты/ мiндеттерi/ қарастырылып отырған сұрақтың тарихы, зерттеу
әдiстерi,нәтижелер/талқылау, қорытынды бөлiмдерiн қамтуы қажет.

Таблица, суреттер – аталғаннан кейiн орналастырылады. Әр таблица, сурет қасында оның аталуы болуы қажет.
Сурет айқын, сканерден өтпеген болуы керек.

Мақаладағы формулалар тек мәтiнде оларға сiлтеме берiлсе ғана номерленедi.
Жалпы қолданыста бар аббревиатуралар мен қысқартулардан басқалары мiндеттi түрде алғаш қолданғанда

түсiндiрiлуi берiлуi қажет. Қаржылай көмек туралы ақпарат бiрiншi бетте көрсетiледi.
Әдебиеттер тiзiмi
Мәтiнде әдiбиеттерге сiлтемелер тiкжақшаға алынады. Мәтiндегi әдебиеттер тiзiмiне сiлтемелердiң номерленуi мәтiнде

қолданылуына қатысты жүргiзiлiде: мәтiнде кездескен әдебиетке алғашқы сiлтеме [1] арқылы, екiншi сiлтеме [2] арқылы
т.с.с. жүргiзiледi.

Кiтапқа жасалатын сiлтемелерде қолданылған бетттерi де көрсетiлуi керек (мысалы, [1, 45 бет]). Жарияланбаған
еңбектерге сiлтемелер жасалмайды. Сонымен қатар, рецензиядан өтпейтiн басылымдарға да сiлтемелер жасалмайды
(әдебиеттер тiзiмiн, әдебиеттер тiзiмiнiң ағылшынша әзiрлеу үлгiлерiн төмендегi мақаланы рәсiмдеу үлгiсiнен қараңыз).

Мақала соңындағы әдебиеттер тiзiмiнен кейiн библиографиялық мәлiметтер орыс және ағылшын тiлiнде (егер
мақала қазақ тiлiнде жазылса), қазақ және ағылшын тiлiнде (егер мақала орыс тiлiнде жазылса), орыс және қазақ
тiлiнде (егер мақала ағылшын тiлiнде жазылған болса) берiледi.

Авторлар туралы мәлiмет: автордың аты-жөнi, ғылыми атағы, қызметi, жұмыс орны, жұмыс орнының мекен-
жайы, теелфон, e-mail – қазақ, орыс және ағылшын тiлдерiнде толтырылады.

6. Қолжазба мұқият тексерiлген болуы қажет. Техникалық талаптарға сай келмеген қолжазбалар қайта өңдеуге
қайтарылады. Қолжазбаның қайтарылуы оның журналда басылуына жiберiлуiн бiлдiрмейдi.

7. Редакцияға түскен мақала жабық (анонимдi) тексеруге жiберiледi. Барлық рецензиялар авторларға жiберiледi.
Автор (рецензент мақаланы түзетуге ұсыныс берген жағдайда) үш күн аралығында қайта қарап, қолжазбаның түзетiлген
нұсқасын редакцияға қайта жiберуi керек.

Рецензент жарамсыз деп таныған мақала қайтара қарастырылмайды. Мақаланың түзетiлген нұсқасы мен автордың
рецензентке жауабы редакцияға жiберiледi.

8. Төлемақы. Басылымға рұқсат етiлген мақала авторларына төлем жасау туралы ескертiледi. Төлем көлемi 4500
тенге – ЕҰУ қызметкерлерi үшiн және 5500 тенге басқа ұйым қызметкерлерiне.
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Provision on articles submitted to the journal "Bulletin of L.N. Gumilyov Eurasian National University.
Technical Science and Technology series"

1. Purpose of the journal. Publication of carefully selected original scientific works devoted to scientific issues in all areas
of engineering and technology: construction, architecture, geotechnics, geosynthesis, transport, engineering, energy, certification
and standardization, computer technology.

2. An author who wishes to publish an article in a journal must submit the article in hard copy (printed version) in one copy,
signed by the author to the scientific publication office (at the address: 010008, Republic of Kazakhstan, Astana, Satpayev St.,
2. L.N. Gumilyov Eurasian National University, Main Building, room 408) and by e-mail vest_techsci@enu.kz in Word, PDF
and Tex format. At the same time, the correspondence between Tex-version, Word-version, PDF-version and the hard copy
must be strictly maintained. And authors also need to provide the cover letter of the author(s).

Language of publications: Kazakh, Russian, English.
3. Submission of articles to the scientific publication office means the authors’ consent to the right of the

Publisher, L.N. Gumilyov Eurasian National University, to publish articles in the journal and the re-publication
of it in any foreign language. Submitting the text of the work for publication in the journal, the author
guarantees the correctness of all information about himself, the lack of plagiarism and other forms of improper
borrowing in the article, the proper formulation of all borrowings of text, tables, diagrams, illustrations.

4. The volume of the article should not exceed 18 pages (from 6 pages).
5. Structure of the article
IRSTI http://grnti.ru/
Initials and Surname of the author (s)
Full name of the organization, city, country (if the authors work in different organizations, you need to put the same

icon next to the name of the author and the corresponding organization)
Author’s e-mail (s)
Article title
Abstract (100-200 words, it should not contain a formula, the article title should not repeat in the content, it should not

contain bibliographic references, it should reflect the summary of the article, preserving the structure of the article - introduction/
problem statement/ goals/ history, research methods, results /discussion, conclusion).

Key words (6-8 words/word combination. Keywords should reflect the main content of the article, use terms from the article,
as well as terms that define the subject area and include other important concepts that make it easier and more convenient to
find the article using the information retrieval system).

The main text of the article should contain an introduction/ problem statement/ goals/ history, research methods,
results / discussion, conclusion. Tables, figures should be placed after the mention. Each illustration should be followed by an
inscription. Figures should be clear, clean, not scanned.

In the article, only those formulas are numbered, to which the text has references.
All abbreviations, with the exception of those known to be generally known, must be deciphered when first used in the

text.
Information on the financial support of the article is indicated on the first page in the form of a footnote.
References
In the text references are indicated in square brackets. References should be numbered strictly in the order of the mention

in the text. The first reference in the text to the literature should have the number [1], the second - [2], etc. The reference to
the book in the main text of the article should be accompanied by an indication of the pages used (for example, [1, 45 p.]).
References to unpublished works are not allowed.

Unreasonable references to unreviewed publications (examples of the description of the list of literature, descriptions of the
list of literature in English, see below in the sample of article design).

At the end of the article, after the list of references, it is necessary to indicate bibliographic data in Russian and English
(if the article is in Kazakh), in Kazakh and English (if the article is in Russian) and in Russian and Kazakh languages (if the
article is English language).

Information about authors: surname, name, patronymic, scientific degree, position, place of work, full work address,
telephone, e-mail - in Kazakh, Russian and English.

6. The article must be carefully verified. Articles that do not meet technical requirements will be returned for revision.
Returning for revision does not mean that the article has been accepted for publication.

7. Work with electronic proofreading. Articles received by the Department of Scientific Publications (editorial office)
are sent to anonymous review. All reviews of the article are sent to the author. The authors must send the proof of the article
within three days.

Articles that receive a negative review for a second review are not accepted. Corrected versions of articles and the author’s
response to the reviewer are sent to the editorial office. Articles that have positive reviews are submitted to the editorial boards
of the journal for discussion and approval for publication.

Periodicity of the journal: 4 times a year.
8. Payment. Authors who have received a positive conclusion for publication should make payment on the following

requisites (for ENU employees - 4,500 tenge, for outside organizations - 5,500 tenge):
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Положение о рукописях, представляемых в журнал «Вестник Евразийского национального университета
имени Л.Н.Гумилева. Серия Технические науки и технологии»

1. Цель журнала. Публикация тщательно отобранных оригинальных научных работ в области техники
и технологий: строительство, архитектура, геотехника, геосинтетика, транспорт, машиностроение, энергетика,
сертификация и стандартизация, вычислительная техника.

2. Автору, желающему опубликовать статью в журнале необходимо представить рукопись в твердой копии
(распечатанном варианте) в одном экземпляре, подписанном автором в Отдел научных изданий (по адресу: 010008,
Казахстан, г.Астана, ул. Сатпаева, 2, Евразийский национальный университет им. Л.Н.Гумилева, Учебно-
административный корпус, каб. 408) и по e-mail vest_techsci@enu.kz в формате Tex, PDF и Word. При этом должно быть
строго выдержано соответствие между Тex-файлом, Word-файлом, PDF-файлом и твердой копией. Также автору(ам)
необходимо предоставить сопроводительное письмо в редакцию журнала.

Язык публикаций: казахский, русский, английский.
3. Отправление статей в редакцию означает согласие авторов на право Издателя, Евразийского

национального университета имени Л.Н. Гумилева, издания статей в журнале и переиздания их на
любом иностранном языке. Представляя текст работы для публикации в журнале, автор гарантирует
правильность всех сведений о себе, отсутствие плагиата и других форм неправомерного заимствования в
рукописи, надлежащее оформление всех заимствований текста, таблиц, схем, иллюстраций.

4. Объем статьи не должен превышать 18 страниц (от 6 страниц).
5. Схема построения статьи
ГРНТИ http://grnti.ru/
Инициалы и Фамилию автора(ов)
Полное наименование организации, город, страна (если авторы работают в разных организациях, необходимо

поставить одинаковый значок около фамилии автора и соответствующей организации)
Е-mail автора(ов)
Название статьи
Аннотация (100-200 слов; не должна содержать формулы, не должна повторять по содержанию название статьи; не

должна содержать библиографические ссылки; должна отражать краткое содержание статьи, сохраняя структуру статьи
–введение/ постановка задачи/ цели/ история, методы исследования, результаты/обсуждение, заключение/выводы).

Ключевые слова (6-8 слов/словосочетаний. Ключевые слова должны отражать основное содержание статьи,
использовать термины из текста статьи, а также термины, определяющие предметную область и включающие другие
важные понятия, позволяющие облегчить и расширить возможности нахождения статьи средствами информационно-
поисковой системы).

Основной текст статьи должен содержать введение/ постановку задачи/ цели/ историю, методы исследования,
результаты/обсуждение, заключение/выводы.

Таблицы, рисунки необходимо располагать после упоминания. Каждой иллюстрации должна следовать надпись.
Рисунки должны быть четкими, чистыми, несканированными.

В статье нумеруются лишь те формулы , на которые по тексту есть ссылки.
Все аббревиатуры и сокращения, за исключением заведомо общеизвестных, должны быть расшифрованы при

первом употреблении в тексте.
Сведения о финансовой поддержке работы указываются на первой странице в виде сноски.
Список литературы
В тексте ссылки обозначаются в квадратных скобках. Ссылки должны быть пронумерованы строго по порядку

упоминания в тексте. Первая ссылка в тексте на литературу должна иметь номер [1], вторая - [2] и т.д. Ссылка на книгу
в основном тексте статьи должна сопровождаться указанием использованных страниц (например, [1, 45 стр.]). Ссылки
на неопубликованные работы не допускаются. Нежелательны ссылки на нерецензируемые издания (примеры описания
списка литературы, описания списка литературы на английском языке см. ниже в образце оформления статьи).

В конце статьи, после списка литературы, необходимо указать библиографические данные на русском и английском
языках (если статья оформлена на казахском языке), на казахском и английском языках (если статья оформлена на
русском языке) и на русском и казахском языках (если статья оформлена на английском языке).

Сведения об авторах: фамилия, имя, отчество, научная степен, должность, место работы, полный служебный
адрес, телефон, e-mail – на казахском, русском и английском языках.

6. Рукопись должна быть тщательно выверена. Рукописи, не соответствующие техническим требованиям, будут
возвращены на доработку. Возвращение на доработку не означает, что рукопись принята к опубликованию.

7. Работа с электронной корректурой. Статьи, поступившие в Отдел научных изданий (редакция), отправляются
на анонимное рецензирование. Все рецензии по статьям отправляются автору. Авторам в течение трех дней
необходимо отправить корректуру статьи. Статьи, получившие отрицательную рецензию, к повторному рассмотрению
не принимаются. Исправленные варианты статей и ответ автора рецензенту присылаются в редакцию. Статьи, имеющие
положительные рецензии, представляются редколлегии журнала для обсуждения и утверждения для публикации.

Периодичность журнала: 4 раза в год.
8. Оплата. Авторам, получившим положительное заключение к опубликованию, необходимо произвести оплату по

следующим реквизитам (для сотрудников ЕНУ – 4500 тенге, для сторонних организаций – 5500 тенге).
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Мақаланы рәсiмдеу үлгiсi
МРНТИ 27.25.19

А.Ж. Жубанышева 1 , Н. Темиргалиев 2 , А.Б. Утесов 3

1 Институт теоретической математики и научных вычислений Евразийского
национального университета имени Л.Н.Гумилева, Астана, Казахстан

2 Актюбинский региональный государственный университет имени К. Жубанова,
Актобе, Казахстан

(Email:axaulezh@mail.ru, ntmath10@mail.ru,adilzhan_71@mail.ru)
Численное дифференцирование функций в контексте Компьютерного

(вычислительного) поперечника
Аннотация: В рамках компьютерного (вычислительного) поперечника полностью
решена задача приближенного дифференцирования функций, принадлежащих классам
Соболева по неточной информации, полученной от произвольного конечного множества
тригонометрических коэффициентов Фурье-Лебега дифференцируемой функции... [100-200
слов].
Ключевые слова приближенное дифференцирование, восстановление по неточной

информации, предельная погрешность, компьютерный (вычислительный) поперечник. [6-8
слов/словосочетаний].

Введение

Текст введения...
Авторам не следует использовать нестандартные пакеты LaTeX (используйте их лишь в

случае крайней необходимости)

Заголовок секции

1.1 Заголовок подсекции
Окружения.

Теорема 1. ...

Лемма 1. ...

Предложение 1. ...

Определение 1. ...

Следствие 1. ...

Замечание 1. ...

Теорема 2 (Темиргалиев Н. [2]). Текст теоремы.

Д о к а з а т е л ь с т в о. Текст доказательства.

2. Формулы, таблицы, рисунки

δN (εN ;DN )Y ≡ δN (εN ;T ;F ;DN )Y ≡ inf
(l(N),ϕN)∈DN

δN

(
εN ;

(
l(N), ϕN

))
Y
, (1)

где δN
(
εN ;

(
l(N), ϕN

))
Y
≡ δN (εN ;T ;F ;

(
l(N), ϕN

)
)Y ≡

≡ sup
f∈F∣∣∣γ(τ)

N

∣∣∣≤1(τ=1,...,N)

∥∥∥Tf (·)− ϕN
(
l
(1)
N (f) + γ

(1)
N ε

(1)
N , ..., l

(N)
N (f) + γ

(N)
N ε

(N)
N ; ·

)∥∥∥
Y
.

Таблицы, рисунки необходимо располагать после упоминания. С каждой иллюстрацией должна
следовать надпись.

3. Ссылки и библиография
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Table 3 – Название таблицы

Простые Не простые
2, 3, 5, 7, 11, 13, 17, 19, 23, 29 4, 6, 8, 9, 10, 12, 14

Рисунок 22 – Название рисунка

Для ссылок на утверждения, формулы и т. п. можно использовать метки. Например, теорема 2,
Формула (1)

Для руководства по LATEX и в качестве примера оформления ссылок, см., например, Львовский С.М.
Набор и верстка в пакете LATEX. Москва: Космосинформ, 1994.

Список литературы оформляется следующим образом.
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А.Ж. Жұбанышева 1 , Н. Темiрғалиев 1 , А.Б. Утесов 2

1 Л.Н.Гумилев атындағы Еуразия ұлттық университетiнiң теориялық математика және ғылыми есептеулер
институты, Астана, Қазақстан

2 Қ.Жұбанов атындағы Ақтөбе өңiрлiк мемлекеттiк университетi, Актобе, Қазақстан

Компьютерлiк (есептеуiш) диаметр мәнмәтiнiнде функцияларды сандық дифференциалдау

Аннотация: Компьютерлiк (есептеуiш) диаметр мәнмәтiнiнде Соболев класында жататын функцияларды олардың
тригонометриялық Фурье-Лебег коэффициенттерiнiң ақырлы жиынынан алынған дәл емес ақпарат бойынша жуықтау
есебi толығымен шешiлдi [100-200 cөздер].

Түйiн сөздер: жуықтап дифференциалдау, дәл емес ақпарат бойынша жуықтау, шектiк қателiк, Компьютерлiк
(есептеуiш) диаметр [6-8 cөз/сөз тiркестерi].

A.Zh.Zhubanysheva 1 , N. Temirgaliyev 1 , A.B. Utesov 2

1 Institute of theoretical mathematics and scientific computations of L.N. Gumilyov Eurasian National University,
Astana, Kazakhstan

2 K.Zhubanov Aktobe Regional State University, Aktobe, Kazakhstan

Numerical differentiation of functions in the context of Computational (numerical) diameter

Abstract: The computational (numerical) diameter is used to completely solve the problem of approximate differentiation
of a function given inexact information in the form of an arbitrary finite set of trigonometric Fourier coefficients. [100-200 words]

Keywords: approximate differentiation, recovery from inexact information, limiting error, computational (numerical) di-
ameter, massive limiting error. [6-8 words/word combinations]
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